Chapter 18. Basis set for the density matrix
and the product operator formalism..
Part 2. Two-spin populations

1 Introduction
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found at: http://maxima.sourceforge.net/ and http://andrejv.github.io/wxmaxima/ Before attempting to use this workbook, users are strongly encouraged to read
and experiment with the introductory workbook, gettingStarted.wxmx, and the workbooks for the earlier chapters. This software is distributed under the
conditions of the BSD license and without any guarantees or warranties. (c) 2016 by David P. Goldenberg Please send comments, including bug reports, to
this address:

David P. Goldenberg

Department of Biology

University of Utah

257 South 1400 East

Salt Lake City, UT 84112-0840

goldenberg@biology.utah.edu

Chapter 18 introduces the idea of using a basis set composed of operator matrices to represent the density matrix. The first section deals with a population of
isolated spins, without scalar coupling, whereas the rest of the chapter deals with a population of weakly-coupled spin pairs. Because separate Maxima
libraries (1spinLib.mac and 2spinLib.mac) are used for the two kinds of systems, separate workbooks are provided for the two parts of Chapter 17

The library used previously for guantum mechanical calculations for individual, weakly coupled spins also contains functions for density matrix calculations for
populations of uncoupled spins. Functions with names beginning with "psi" are generally used for wavefunction calculations, whereas function names
beginning with "rho" are associated with density matrix calculations.

(%11) load("2spinLib.mac")

2 18.2 A basis set for a population of scalar-coupled spins
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The general form of the density matrix for a population of coupled spins

(%12) rhogen

avCaaConjCaa avCaaConjCab avCaaConjCba avCaaConjCbb
avCabConjCaa avCabConjCab avCabConjCba avCabConjCbb
avCbaConjCaa avCbaConjCab avCbaConjCba avCbaConjCbb
avCbbConjCaa avCbbConjCab avCbbConjCba avCbbConjCbb

(%02)

The six magnetization operator matrices

(%13) Ix



(%03)

(%14) 1y
(%04)
(%15) 1z
(%05)
(%16) Sx
(%006)

(%17) Sy




(%18) Sz

The nine product operator matrices

(%19) IxSx

(%110) IxSy

(%111) IxSz

(%07)

(%08)

(%09)

(%010)




(%o011)

(%i12) IySx

(%012)
(%113) IySy

(%013)
(%114) IySz

(%014)

(%115) IzSx




0 2 0 0
1
2 0 0 0
(%015) {
o 0 o0 - 4
1
0O 0 - 2 0
(%116) IzSy
’
0 2 0 O
i
2 0 0 0
(%016) ;
0 O 0 1
i
0O 0 - 2 0
(%117) IzSz
!
) 0 0 0
1
0 - Z 0 0
(%017) i
0O 0 - 2 0
1
0 O 0 1
The 4x4 identity matrix
(%118) ident
1 0 0 O
0 1 0 O
0
eol8) o o 1 o
0 0 0 1

The 2spinLib.mac file includes a function to print the representation of a density matrix as the terms in a linear combination of the magnetization operators and
the product operators.

We can write an arbitrary density matrix as:

(%119) rhol:cIx*Ix + clIy*Iy + cIz*Iz + cSx*Sx + cSy*Sy + cSz*Sz
+ CIXSx*IxSx + cIxSy*IxSy + cIxSz*IxSz + clySx*IySx + cIySy*IySy + cIySz*IySz
+ clzSx*IzSx + clzSy*IzSy + clzSz*IzSz



cSz clzSz  clz i-cSy ¢cSx  i-clzSy  clzSx i-clySz i-cly cIxSz clx clySy i-clySx  i-cIxSy N clxSx

— + + — + — + — + + — —
2 4 2 2 2 4 4 4 2 4 2 4 4 4 4
i-cS cSx i-clzS clzSx cSz clzSz clz clyS i-clySx i-cIxS cIxSx i-clySz i-cl clxSz clx
y n n y n oz 4 yoy y n y n ysz y il
2 2 4 4 2 4 2 4 4 4 4 4 2 4 2
0
(Yo019) i-clySz  i-cly cIxSz clx clySy i-clySx  i-cIxSy  cIxSx cSz clzSz clz i-cSy cSx  i-clzSy  clzSx
+ + + — + — + _——— = — — + + —
4 2 4 2 4 4 4 4 2 4 2 2 2 4 4
clyS i-clySx i-cIxS cIxSx i-clySz i-cl cIxSz clx i-cS cSx i-clzS clzSx cSz clzSz clz
_ clysy n y n y n _ y n y L Yy B y _»r _
4 4 4 4 4 2 4 2 2 2 4 4 2 4 2

(%120) opBasisRep(rhol)

Ix: clxly: clylz: clzSx: cSxSy: cSySz: cSzIxSx: cIxSxIxSy: cIxSylxSz: cIxSzlySx: clySxlySy: clySylySz: clySzizSx: clzSxIzSy: clzSylzSz: clzSz

(%020)

The opBasisRep function outputs all of the non-zero coefficients on individual lines.

The product of two operators for the same spin

(%i21) Ix.Iy

2 0 0 0
i
0 2 0 0
(%021) ;
0 O ~1 0
0O 0 0 ~1
This product is related to Iz
(%122) 1z
! 0 0 0
2
1
0 > 0 0
(%022) {
0 O —3 0
1
O 0 0 —=-
2
Taking products clockwise along the circle represented in Fig. 18.2
(%123) opBasisRep(Ix.Iy)
l
Iz: —
2
(%023)
(%124) opBasisRep(ly.Iz)
I
Ix: —




(%024)

(%125) opBasisRep(Iz.Ix)

Iy: —

2
(%025)
Taking products counter-clockwise along the circle represented in Fig. 18.2
(%126) opBasisRep(Ix.Iz)
Iy: i
V. 5
(%026)
(%127) opBasisRep(Iz.Iy)
[
Ix: ——
2
(%027)
(%128) opBasisRep(ly.Ix)
[
Iz: ——
2
(%028)
The equivalent relationships for the S magnetization operators
(%129) opBasisRep(Sx.Sy)
[
Sz: —
2
(%029)
(%130) opBasisRep(Sy.Sz)
[
Sx: —
2
(%030)
(%131) opBasisRep(Sz.Sx)
Sy: i
V. 5
(%031)

The average magnetization components for a density matrix represented by the linear combination of the magnetization operators and product operators.

(%132) mattrace(Iz.rhol)

clz clzSz cSz clz clzSz cSz clz clzSz cSz clz clzSz cSz
— 4+ + — - — — + — —— 4+ - — —_— Y —
2 4 2 2 4 2 2 4 2 2 4 2
(%032) — — +
2 2 2 2

(%133) ratsimp(%)
(%033) clz

Looking only at the 1z component

(%134) Iz.(clz*1z)



~ 0 0 0
1
0 %3 0 0
(%034) oz
0 0 — 0
clz
0 0 0 -

(%135) mattrace(%)
(%035) clz

All of the magnetization components of the arbitrary linear combination

(%136) allMagRho(rhol)

<Ix>= clx <ly>= cly <Iz>= clz < S5x >= ¢Sx < 8§y >= ¢Sy < 8§z >= ¢Sz

(%036)

Each magnetization component is simply the coefficient of the corresponding operator matrix.
The correlations calculated using the product operators.

(%137) IxSy.(cIxSy*IxSy)

IxS
— 0 0 0
cIxSy
0 0 0
16
(%6037) cIxSy
0 0
16
0 0 diy
(%138) mattrace(%)
clxS
(%038) Y

The 2spinLib.mac file contains a function to calculate all of the correlations from the density matrix

(%139) allCorrRho(rhol)

clxSx clxSy clxSz clySx clySy clySz clzSx clzSy clzSz
< IxSy >= < IxSz >= < IySx >= < ISy >= < IySz >= < [z8x >= < [zSy >= < [z8z >=

< IxSx >=

(%039)

The correlation products are the coefficients of the product operator matrices divided by 4.

2.1 18.2.2 Representation of the equilibrium density matrix
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(%140) rhokq



deltaPS

deltaPI

4

(%040)

(%141) opBasisRep(rhoEq)

2.2 18.2.3 Pulses
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Pulse of angle a along the x'-axis

(%142) rhoPulseX(Ix,a)
(%143) opBasisRep(%)

(%144) opBasisRep(rhoPulseX(ly,a))

(%145) opBasisRep(rhoPulseX(Iz,a))

Pulse of angle a along the y'-axis

(%146) opBasisRep(rhoPulseY(Ix,a))

(%147) opBasisRep(rhoPulseY(ly,a))

(%148) opBasisRep(rhoPulseY(Iz,a))

Fig. 18.7

pi/2 y pulse to | spin of density matrix represented by 1zSz

4

0 0 0
deltaPI deltaPS 0 0
4 4
0 deltaPS deltaPI 0
4 4
0 0

deltaPI deltaPS

Sz:

2 2

Iz:

(%041)

Ix: 1

(%043)

ly: cos(a)lz: sin(a)

(%044)

ly: —sin(a)lz: cos(a)

(%045)

Ix: cos(a)lz: — sin(a)

(%046)

Iy: 1

(%047)

Ix: sin(a)lz: cos(a)

(%048)

deltaPS deltaPI

4

4




(%149) rhoP12YI(IzSz)

0 O 2 0
1
O 0 O —
(%049) i

p O 0 0

1
0 ~1 0O O

(%150) opBasisRep(rhoPi2YI(IzSz))
IxSz: 1
(%050)

Fig. 18.8

2.3 18.2.4 Time evolution in the absence of scalar coupling
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The 2spinLib.mac file includes functions to calculate separately the change in density matrix with time due to chemical shift and scalar coupling. These
functions are rhoTimeC(rho,t) and rhoTimeS(rho,t) where the arguments are the starting density matrix (rho) and the time of evolution (t).

Starting with density matrices equal to Ix, ly and 1z

(%151) rhoTimeC(Ix,t)

ei-n-t- (muS—nul) —i-z-¢- (nul+nuS)
0 0 > 0
ei-n-t- (—nuS—nul) —i-7-¢- (nul—nuS)

0 0 0
. 2
(%0051) ol Tt (nuS+nul) —i-z-¢- (nuS—nul)

0 0 0
2
ei-n't- (nul—-nuS) —i-z-¢- (—nul—nuS)
0 > 0 0

(%152) opBasisRep(%)

Ix: cos(2-m-t-nul)ly: sin(2 -z - t-nul)

(%052)
(%153) opBasisRep(rhoTimeC(Iy,t))

Ix: —sn2-x-¢t-nul)ly: cos(2 - x- ¢t nul)

(%053)
(%154) opBasisRep(rhoTimeC(Iz,t))

Iz: 1

(%054)

Fig. 18.9



Evolution of a density matrix component representing the product IxSz

(%155) opBasisRep(rhoTimeC(IxSz,t))

IxSz: cos(2 - -t -nul)lySz: sin(2 - - ¢ - nul)

(%055)
Fig. 18.10
Evolution of a density matrix component representing the product IxSx
(%156) opBasisRep(rhoTimeC(IxSx,t))
cosQ-wr-t-nmuS—2-x7-¢t-nul)+cos(2-w-¢t-nuS+2-7x-¢-nul) sn2-7-t-nmuS—2-7-t-nul)+sin2-x7-¢-nuS+2-7x-¢-nul) sin(2 - - ¢-nus -
IxSx: IxSy: IySx:
2 2
(%056)

The individual terms can be converted to the forms shown in the text by applying the trigexpand function, which converts trig functions of sums of angles into
products of trig functions.

For the IxXSx component

(%157) (cos(Z2*%p1*t*nuS+2*%pi*t*nul)+cos(2*%pi*t*nuS-2*%p1*t*nul))/2

cosQ-wr-t-nmuS—2-x7-t-nul)+cos(2-w-¢t-nuS+2-x-¢-nul

%057
(%0057) 5

(%158) trigexpand(%)

(%058) cos(2 - - ¢-nul)-cos(2 -z -¢-nuS)
For the IxSy component
(%159) (sin(2*%p1*t*nuS+2*%p1*t*nul)+sin(2*%p1*t*nuS-2*%p1*t*nul))/2

sin2-z7-¢t-nuS—2-7-¢t-nul)+sin(2-7-¢-nuS+2-7x-¢-nul)
2

(%059)

(%160) trigexpand(%)

(%060) cos(2 - 7+ ¢-nul) - sin(2 - 7 - £ - nuS)
For the lySx component
(%161) sin(2*%pi*t*nuS+2*%pi*t*nul)/2-sin(2*%pi*t*nuS-2*%pi*t*nul)/2

sin2-x-¢t-nmuS+2-7w-¢t-nul) sin(2-x7-¢-nuS—2-7x-¢-nul)
2 2

(%o061)

(%162) trigexpand(%)

sin(2-7-¢t-nul)-cos(2-mw-¢t-nuS)+cos(2-w-¢t-nul)-sin(2-7-¢7-nuS) cos2Q-zw-¢-nul)-sin(2-7-¢-nuS)—sin(2 -7z -¢-nul)-cos(2-x-1t-nul)
2 2

(%062)
(%163) ratsimp(%)
(%063) sin(2-x-¢t-nul)-cos(2-x-¢-nuS)
For the lySy component

(%164) —cos(2*¥p1*t*nuS+2*%pi1*t*nul)/2+cos(2*%pi*t*nuS-2*%p1*t*nul)/2

cos2-m-t-nmuS—2-xw-¢t-nul) cos(2:-mw-¢t-nuS+2-7x-¢-nul)
2 2

(%064)



(%165) ratsimp(%)

cosQ-mw-t-nmuS+2 -7 -¢t-nul)—cos2-w-¢t-nuS—2-x-¢:nul)
2

(%065) —
(%166) trigexpand(%)
(%066) sin(2 -7 -¢t-nul)-sin(2 - 7 - ¢- nuS)
Setting nuS to zero

(%167) opBasisRep(subst(nuS=0,rhoTimeC(IxSx,t)))
IxSx: cos(2 - - t-nul)lySx: sin(2 - - ¢ - nul)

(%067)

Fig. 18.11
2.4 18.2.5 Evolution under the influence of scalar coupling

Page 559
Here, we can use the rhoTimeS function to calculate the effect of scalar coupling without chemical shift evolution.

Applied to the individual I-magnetization components, showing the conversion of magnetization components into correlations

(%168) opBasisRep(rhoTimeS(Ix,t))
Ix: cos(m-t-NIySz: 2 -sin(x - ¢ - J)
(%068)
(%169) opBasisRep(rhoTimeS(Iy,t))
Iy: cos(z-t- NIxSz: —2-sin(z-t-J)

(%069)

(%170) opBasisRep(rhoTimeS(Iz,t))
Iz: 1

(%070)

Fig. 18.12

Evolution of IxXSz and lySz, with the conversion to magnetization components.

(%171) opBasisRep(rhoTimeS(IxSz,t))

Iy: Sin(nz't"])lxsz: cos(r - £ - J)
(%071)
(%172) opBasisRep(rhoTimeS(IySz,t))
j. Sm(”;'J)IySz: cos(r - £+ J)
(%072)

Fig. 18.13
Evolution of the other correlations

(%173) opBasisRep(rhoTimeS(IzSz,t))



z5z: 1

(%073)
(%174) opBasisRep(rhoTimeS(IxSx,t))

DxSx: 1

(%074)
(%175) opBasisRep(rhoTimeS(IxSy,t))

IxSy: 1

(%075)
(%176) opBasisRep(rhoTimeS(IySx,t))

hSx: 1

(%076)
(%177) opBasisRep(rhoTimeS(IySy,t))

IySy: 1

(%077)

None of these correlations is affected by scalar coupling, but they will evolve with chemical shift differences.

3 18.3 Some examples

3.1 18.3.1 Refocusing pulses

3.1.1 A decoupling pulse sequence

Evolution of Sx during the first time period starting with chemical-shift evolution, followed by scalar-coupling evolution
(%178) rho_dcl:rhoTimeC(Sx,tau/2)

(%179) opBasisRep(%)

Sx: cos(rw - 7- nuS)Sy: sin(x - 7 - nuS)

(%079)

(%180) rho_dc2:rhoTimeS(rho_dcl,tau/2)
(%181) opBasisRep(%)

2 2 2 2

2-w-tonuS—mw-7-J r-t-J+2-mw-7-nuS [ 2mtonuS—7-7-J 7ot J+2 - t-nuS
cos + COS sin + Sin
Sx: Sy: 1z8x: cos(

y

2 2

n-r-J+2-7r-T-nuS) (2-7[-’['11118—7["['.])
5 > — COS

(%081)

Fig. 18.14
These are in a different form than shown in the text, but they can be shown to be equivalent.

The pi x-pulse to the | spins

(%182) rho_dc3:rhoPiXI(rho_dc?2)



ei E;.J*i-n-r-nus
0 5 0 0
ei-n’-r-nuS—l E;.J
5 0 0 0
(%082) i J
e 5 —i-m-7-nuS
0 0 0 5
iw-t-J
e 5 +i-m-7-nuS
0 0 > 0

(%183) opBasisRep(rho_dc3)

2-r-t-nuS—7m-7-J -1 J+2-m-7-nuS [(2-m-t-nuS—7m-7-J (7Tt J+2-m-T-nuS
CoSs + CoS > sin > + Sin >

2
Sy:
2 Y 2

2-71'-‘L'°nuS—7l'°‘L'-J) (n-r-J+2-7r-r-nuS)
— COS )

JEAY
zSx cos( 5 5

Sx:
(%083)
Fig. 18.15
This changes the signs of the 1zSx and 1zSy components.

Scalar-coupling evolution during the second delay period

(%184) rho_dc4:rhoTimeS(rho_dc3,tau/2)

0 e—i-n'r-nuS 0 0
2
ei-n-r-nuS

> 0 0 0
(%084) e irm-T-nuS

0 0 0 —

ei-n-r-nuS
0 0 5 0

(%185) opBasisRep(rho_dc4)
Sx: cos(z - - nuS)Sy: sin(x - 7 - nus)

(%085)
Chemical-shift evolution during the second delay period

(%186) rho_dc5:rhoTimeC(rho_dc4,tau/2)



i-m-7- (nul—nuS) i-m-7- (nul+nuS)
_—irrrmuS-———
O e 2 2 O 0
2
i-m-7- (nul—-nuS) i-m-7- (nul+nuS)
e—f-ﬂ-n’-r-nus-i-f
0 0 0
2
(%086) i-m-7t- (—nul—nuS) i-w-7- (nuS—nul)
e —i-r-T-mUS——————
0 0 0 - -
2
i-m-7- (—nul—nuS) I S+i-7r-r~(nuS—nul)
0 O e 2 i-m-7-nu > O
2

(%187) opBasisRep(rho_dc5)
Sx: cos(2 -z 7-nuS)Sy: sin(2 - 7 - 7 - nuS)

(%087)

Fig. 18.16

In summary, the selective refocusing pulse suppresses the effect of scalar coupling, so that the S-spins evolve with a single apparent frequency.

3.1.2 A decoupling pulse applied to 1zSy
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In this example a decoupling pulse is applied to the | component of [zSy
We can define new functions to incorporate multiple steps in a pulse sequence

(%188) decoupleI(rho,tau):=block([rhol,rho2],
rhol:rhoTime(rho,tau/2),
rho2:rhoPiXI(rhol),
rhoTime(rho2,tau/2))

T T
(%088) decouplel(p, 7) :=block ([rhol, rho2], rhol : thoTime (p, 2 ), rho2 : thoPiXI(rhol), rhoTime (rho2, 2 ))

The block function is used to define a function with multiple lines. The optional first argument is a list of local variables. If defined, these variable can be used
within the function without perturbing variables with the same name outside of the function.

Testing the decouple function with Sx

(%189) decoupleI(Sx,tau)



. J A J
i J e (—E+nul—nus) ‘ imwt- (5+nul+nu5)
e 2 3 —i-mw-7-nuS— -
’ 2 0
. J . J
P i-m-T- (—z+nul—nuS) i-mT-T- (5 +nul+nus)
e ~ 2 > +i-m-7-nuS+ > ; O
2
(%089)
_imeteJ n
e 2 -
0 0 .
i-m-t- (z—nul—nuS i-meT- (—i—nul-%nus)
i~m-t- 2 . )
0 0 e 2 2- 3 +i-7-7-nuS+ >
2
(%190) opBasisRep(%)
Sx: cos(2 -z - 7-nuS)Sy: sin(2 - 7 - - nuS)
(%090)
Now, apply the function to 1zSy
(%191) decoupleI(IzSy,tau)
/ . J . J
P i-m-T- (—5+nul—nuS) . i-m-T- (5+nul+nus)
O i-e 2 —i-mr-7-nuS— - O
4
. J ' J
P i-m-7- (7E+nulfnu8) . i-m-7- (EJFHHH‘HUS)
ire T3 > +i-m-7r-nuS+ : . O
4
(%091)
o
" 0 0 —
. J . J
P i-m-7- (E—nul—nuS) i7" (_E_Ilul"rnuS)
0 0 i-re” 5, 2 +i-w-7-nuS+ >
4

(%192) opBasisRep(%)

1zS8x: sin(2 - - 7- nuS)[zSy: —cos(2 - 7+ 7- nuS)

(%092)

Fig. 18.17

3.1.3 A refocusing pulse applied to transverse components
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In this example the refocusing pulse is applied to the S-spin during the evolution beginning with Sx



First the chemical-shift evolution

(%193) rho_dcS1:rhoTimeC(Sx,tau/2)

i~m-t- (nmul—-nuS) i-zw-7- (nul+nusS)
0 e 2 B 2 0 0
2
it (nul+nuS) izt (nul—nuS)
e 2 B 2
5 0 0 0
(%093) im-7- (—nul-nuS) -7z (nuS—nul)
e 2 2
0 0 0 5
i-w-7- (nuS—nul) _ i-m-7- (—nul—nuS)
e 2 2
0 0 5 0
(%194) opBasisRep(rho_dcS1)
Sx: cos(rw - 7- nuS)Sy: sin(x - 7 - nuS)
(%094)
Then the scalar-coupling evolution
(%195) rho_dcS2:rhoTimeS(rho_dcS1,tau/2)
_ i~7r-r~J+ i-w-7- (nul—nuS) _imetT (nul+nuS)
0 S ’ ’ 0 0
2
i-w-t-J i-mw-tT- (nul-nuS) i-7-7- (nul+nuS)
e 2 2 2
5 0 0 0
(%095) irr-teJ iewer- (—nul-nuS)  i-z-7- (nuS—nul)
e 2 2 - 2
0 0 0
2
_irmereJ  i-mere (—nul-nuS) . i~m-7- (nuS—nul)
0 0 e 2 2 2 0
\ 2
(%196) opBasisRep(%)
2-r-t-nuS—zw-7-J w-t-J+2-7w-7-nuS [ 2-m-t-nuS—7-7-J 7ot J+2-m-t-nuS
COS > + COS > Sin > + sin 5
7-7-J+2-7-7-nusS 2-m-t-nuS—mw-17-J
Sx: Sy: 1zS8x: cos — COS )
2 2 2 2
(%096)

pi x-pulse to the S-spins

(%197) rho_dcS3:rhoPiXS(rho_dcS2)



(%097)

(%198) opBasisRep(%)

2-r-t-nuS—7w-7-J w-1-J+2-7w-7-nusS
CcosS > + COoS >

Sx:
X 2

irmwet-J

—i-m-7-nuS

[(2-m-t-nuS—7m-7-J
Sin )

0 0
0 0
. irmet-J
O ez-ﬂ-r'nuS— >

2
irwet-J

e > —i-m-7-nuS 0
2

7-1-J+2-7-7-nusS

o

2

Scalar-coupling evolution during the second half of the period

(%199) rho_dcS4:rhoTimeS(rho_dcS3,tau/2)

(%1100) opBasisRep(%)

7-7-J+2-m-7-nuS

— 5 JEAY cos(
(%098)
ei-n-t-nuS
> 0 0
e—i.n-r-nuS
0 0 0
(%099) el ™ T-nuS
0 0 3
e—i-n-r-nuS
0 5 0
Sx: cos(w - 7-nuS)Sy: —sin(x - 7 - nuS)
(%0100)

Chemical-shift evolution during the second half of the period

(%1101) rho_dcS5:rhoTimeC(rho_dcS4,tau/2)

2

) o

2-r-7-MUS—T-T-.
2




+i-mw-7-nuS—

0

2

i-m-t- (nuS—nul)

i~7r-r«(nulfnuS)+. S i-m-7- (nul+nuS)
O e 2 i-m-7-nu 2 O
2
i-m-7- (nul—nuS) i-m-7- (nul+nuS)
-———rrmsSt —————
- : 0 0
2
0
(A)OIOl) i-m-t- (—nul—nuS)
e 2
0 0 0
i-m-7- (—nul—-nuS) S+i-7t~r-(nuS—nuI)
O 0 e > i-m-7-nu 2
2

(%1102) opBasisRep(%)

Fig. 18.18
A function for decoupling with the pi pulse applied to the S-spins

(%1103) decoupleS(rho,tau):=block([rhol,rho2],
rhol:rhoTime(rho,tau/2),
rho2:rhoPiXS(rhol),
rhoTime(rho2,tau/2))

Sx: 1

(%0102)

T T
(%0103) decoupleS(p, 7):=block ([rhol, rho2], rhol : rhoTime (p, > ), rho2 : thoPiXS(rhol), rhoTime (rho2, > ))

Testing the function with Sx

(%1104) decoupleS(Sx,tau)

/ -7 (—g-!-nul—nuS)

2

3 J+nu+nu
i~71'"[«J+ +i.n.r‘nus_l.”'r.(z I S)
0 ¢ 2 2 2 0
2
. J ) J
R z.n.r.(—z-knul—nuS) | l.ﬂ.f.(5+nu1+nus)
e 2 > —i-mw-7-nuS+ >
2 0 0
(%0104) |
0 0 .
. J . J
P l'”'T'(E—nuI—nuS) | z-n~r-(—5—nul+nus)
0 0 e 2 5 —i-m-7-nuS+ >
2
(%1105) opBasisRep(%)
Sx: 1
(%0105)

Applying the same sequence to Sy




(%1106) decoupleS(Sy,tau)

~.

. J . J
e i~m-t- (7E+nu17nuS) | it (5+nul+nuS)
0 ire 3 ° 3 2+l-7t-r.nuS— D 0
. J . J
R z~7r-r~(—5+nul—nuS) . z~n’-r-(5+nul+nuS)
P e 3 —i-m-7-nuS+ >
— > 0 0
(%0106)
0 0 0
. J . J
R 1-7r-r~(57nulfnuS) | . z-n-r-(fgfnuIJrnuS)
e 5 3 —i-m-T-nuS+ )
0 0 — >
(%1107) opBasisRep(%)
Sy: —1
(%0107)
3.1.4 A non-selective refocusing pulse
Page 568
Starting with Sx
(%1108) rho_nsl:rhoTimeC(Sx,tau/2)
i-r-t- (mul—-nuS) 7.7 7. (nul+nuS)
e 2 - 2
0 > 0 0
i~m-7- (nul+nuS) i-7-7- (nul—nuS)
e 2 - 2
> 0 0 0
(%0108) i-m-r- (—nul-nuS) i-z-7- (nuS—nul)
0 0 0 e 2 0
2
i-m-t- (nuS—nul) _i-n~t- (—nul—nuS)
0 0 —— 0

(%1109) opBasisRep(%)

Sx: cos(rw - 7- nuS)Sy: sin(x - 7 - nuS)
(%0109)

(%1110) rho_ns2:rhoTimeS(rho_nsl,tau/2)



irr-t-J i-met- (mul-nuS)  i-z-7- (nul+nuS)

r-7-J+2-m-7-nuS

i-r-t-J i-mwer- (—nul-nuS)  i-z-t- (nuS—nul)
e 2 2 2
2

2-r-t-nuS—mw-7-J

e

)J

0 e" "2 2 2 0
2
i-r-t-J i-mwer- (nul-nuS)  i-zw-7- (nul+nuS)
e 2 2 - 2 0 0
(%0110)
0 0 0
i-w-t-J i-m-t-(—nul-nuS) i-zw-7- (nuS—nul)
0 0 e 2 2 2
2
(%1111) opBasisRep(%)
(2-7r°t-nuS7r't-J) (ﬂ-r'J+2'7r-t-nuS) ) (2-7r-r~nuS7r-r-J) . (n-t-J+2-7r°t-nuS
CoSs + CoS sin + sin
2 2 2 2
Sx: 5 Sy: 5 1z8x : cos(
(%o0111)
refocusing pulse to both spins
(%1112) rho_ns3:rhoPiX(rho_ns2)
irwet-J
ei'n-r-nuS— >
0 > 0 0
irmetJ
e —i-m-7-nuS
> 0 0 0
(%0112) re
e +i-m-7-nuS
0 0 0 5
irmeteJ
O O e 5 —i-m-7-nuS O
\ 2
(%1113) opBasisRep(%)
(2-n-r-nuS—7r-T-J) (n-r-J+2-7r-t-nuS) . (2-7r-r-nuS—7r-t-J) ) (n-t-J+2-7r-r-nuS)
cos + COS sin + Sin
2 2 2 2
Sx: 5 Sy: — 5 1z8x : cos(
(%0113)

Second half of the evolution period

(%1114) rho_ns4:rhoTimeS(rho_ns3,tau/2)

2'7T'T'IluS7Z"T'J) (n-r-J+2-7r-t-nuS
5 — COS



ez-n-t-nuS—zon-r-J

(%0114)

(%1115) opBasisRep(%)

Cos(7r-T-nuS—n-T-J)+cos(7r-r-nuS+7r-r-J)S
V:

Sx:
2

(%1116) rho_ns5:rhoTimeC(rho_ns4,tau/2)

0 > 0
ei-n-r-J—i-n-r-nuS
> 0 0
0 0 0
e—i-n'-r'J—i-n-r-nuS
0 0

2

e

0

i-m-t-Jti-m-7-nuS

sin(z-7-nuS—z-7-J)+sin(z-7-nuS+x-7-J)

2

0

2

(%0115)

0

i-w-7t- (—nul—nuS)

—i-m-7-nuS+

2

i-w-7- (nuS—nul)

2

O eii.n.r'(]+i«7r~r-(r;ulfnuS) +i-7z'-‘[-nuS*i.n-'T.(I;uIJrnuS)
2
el.'TL"T'J_i'”.T. (I;HI—IIU,S) —i-n-r-nuS+i'”'T. (r;ul—s—nuS)
5 0
(%0116)
0 0
e—i-n-r.f-
0 0
(%1117) opBasisRep(%)
Sx: cos(zw-7-NIzSy: 2 -sin(z - 7-J)
(%0117)
Fig. 18.19
Only the effect of scalar coupling is observed.
Setting tau to 1/(2*J)
(%1118) opBasisRep(subst(tau=1/(2*]1),rho_ns5))
1zSy: 2
(%0118)

Sx is completely converted to 1zSy

3.2 18.3.2 INEPT

Pabe 569

(%1119) rhoEqg

2

e

i-mw-t-J+

i-m-7- (—nul—nuS)

2

Iz8x: cos(r-t-nuS—7w-7-J)—cos(x-t-nuS+mx-7-J)

0

+i-mw-7-nuS—

2



deltaPS deltaPI

YRR 0 0 0
deltaPI  deltaPS
0 R 0 0
(Y00119) deltaPS  deltaPI
0 0 " 0
deltaPS  deltaPI
0 0 0 - -

4 4

(%1120) opBasisRep(rhokq)

deltaPI deltaPS
Sz:

2 2

Iz:

(%0120)

Starting with the Iz component

(%1121) rho_ineptIl:rhoPi2YI((deltaP1/2)*1z)

deltaPI
4

deltaPI

0 0 p

(%O 121 ) deltaPI

4

0 0 0

deltaPI
4

(%1122) opBasisRep(%)

deltaPlI
2

Ix:

(%0122)

Here we will calculate the chemical-shift and scalar-coupling evolution in a single step, using the rhoTime function.

(%1123) rho_ineptI2:rhoTime(rho_ineptIl,1/(4*]1))

i-m- (—g—nul—&-nuS) i-m- (g—&-nul-i-nuS)
0 0 deltaPl-e 4.7 - - 4.7 0
i (g—nul—nuS) j-n. (—§+nul—nu5)

0 0 0 deltaPl-e 4.7 4.7

4

(700123) o e T
r deltaPl - e 4.7 4.7
2 0 0 0
i-m- (—§+nul—nuS) _i-7T~ (%—nul—nus)

0 deltaPl-e 4.7 - 4.7 0 0




(%1124) opBasisRep(%)

7-nul [ m-nul
deltaPI - cos( ) deltaPI - sm( )
2-J 2.
Ix: 3 Iy: 3 IxSz: —
22 22
(%0124)
The non-selective refocusing pulse
(%1125) rho_ineptI3:rhoPiX(rho_ineptI2)
0 0
0 0
(%0125) i-m-nul
(\/§+\/5-i) -deltaPI-e™ "2.7
” 0
i-m-nul
deltaPl-e ™ 2.7
0 elta : e 32 J
27-i+23
(%1126) opBasisRep(%)
7 - nul . 7-nul
deltaPI - cos( ) deltaPI - s1n( )
2-J 2-J
Ix: 3 Iy: — 3 IxSz:
22 22
(%0126)
The second half of the evolution period
(%1127) rho_ineptI4:rhoTime(rho_ineptI3,1/(4*]1))
0 0
0 0
(%0127)
%Jr\/iz ) : (\/§+\/§1) - deltaPI
» 0
1 i
@ - @ -deltaPI
0 3 3
\ 27-i+23

(%1128) opBasisRep(%)

-nul

2-J

deltaPI - sin(

NG

-nul
2-J

deltaPI - cos(

P

|

Sz

i-m-nul \

deltaPl-e 2.
3 3 O
272-i+25
_ _ i-m-nul
(\/2+\/2-i)-deltaPI-e 2.J
0
8
0 0
0 0

w-nul

2-J

deltaPI - sin(

-nul
2-J

deltaPI - cos(

|

IySz: =
\2 \2
1 i
$—$ deltaPI
3 3 0
27-i+t273
(%4‘# ) . (\/§+\/§l) - deltaPl
0
8
0 0
0 0




IySz: deltaPI

(%0128)

Fig. 18.21

Starting with the initial Sz component, nothing happens until the pi x-pulse

(%1129) rho_ineptSl:rhoPiX((deltaS/2)*Sz)

deltaS

2 0 0
deltaS
2 0 0
(700129)  deltaS
0 4
0 0 deltaS
4
(%1130) opBasisRep(%)
deltaS
Sz: —
2
(%0130)
Then the pi/2 y-pulse to the S-spin
(%1131) rho_ineptS2:rhoP12YS(rho_ineptS1)
B deltaS 0 0
4
deltaS
i 0 0
(%O 13 1) deltaS
0 0 0 —
4
0 B deltaS 0
4
(%1132) opBasisRep(%)
deltaS
Sx: —
2
(%0132)

Fig. 18.23

We define a function for the INEPT sequence

(%1133) 1inept(rho):=block([rhol,rho2,rho3,rho4,rho5],
rhol:rhoPi12YI(rho),
rho2:rhoTime(rhol,1/(4*])),
rho3:rhoPiX(rho2),
rho4:rhoTime(rho3,1/(4*])),
rho5:rhoPi12XI(rho4),
rhoP12YS(rho5))

1 1
(%0133) inept(p):=block ([rhol, rho2, rtho3, rho4, rho5], rthol : thoPi2YI(p), rho2 : rhoTime (rhol, 4_J ), rho3: rhoPiX(rho2), rho4 : rhoTime (rho3, r] ), rho5 : rthoPi2 XI(rho+



(%1134) 1inept(Iz)

(%1135) opBasisRep(%)

(%1136) 1inept(Sz)

(%1137) opBasisRep(%)

Applying this to the equilibrium density matrix

(%1138) inept(rhoEq)

(%0138)

(%1139) opBasisRep(%)

Time evolution during the data-acquisition period

From the Sx component

(%0134)

(%0136)

0

deltaPS —deltaPI

IzSx: 2

(%0135)

o —1

(%0137)

deltaPS —deltaPI
4

0

Sx:

deltaPS

: 0 0
2
0O O 0
0O O :
2
1
O ——= 0
2
: 0 0
2
0 0 0
0 0 :
2
0 : 0
2
0
0
0
deltaPI +deltaPS
4

1zSx: deltaPI

(%0139)

0

deltaPI +deltaPS
4

0




(%1140) rhoTime(-(deltaPS/2)*Sx,t)

J J
/ deltaPS-e! 7 1t (HUSJFHUIE ) —j-m-t- (5+nul+nuS)

0 - 2 0 0

J J
deltaPS-el'”"' (nuS+nuI+5)—l.n.t. (—5+nul—nuS)

_ - ; O |
(%0140)
deltaPS - ¢! 71 (—nuS—nuI
O 0 0 _
J J
deltaPS - ¢! ™t (nus_nul_i ) —i-m-t- (E‘nuI—nuS)
0 0 ) 0

4

(%1141) opBasisRep(%)

deltaPS - (cos(2 - w-¢t-nuS—7-¢t-J)+cos(Q-zw-t-nuS+mx-t¢-J)) deltaPS - (cos

deltaPS-(sin(2-n-t-nuS—n-t-J)+sin(2-n-t-nuS+7r-t-J))[

Sx: 1 Sy: 1 zS8x:
(%0141)
From the [zSx component
(%1142) rhoTime(deltaPI*IzSx,t)
. J ) J
/ deltaPl.e! % = (_nuern“I_E ) —iz-L (5+nul+nus)
0 ; 0 .
deltaPI-¢! 7™ 1 (n““n“”g ) mimet ( —§+nu1—nus)
4 0 0 0
(%0142)
. J
deltaPI.e! * b (—nuS—nuI-i-E ) -
0 0 0 _
4
deltaPI-e! 71 (““S‘mﬂ‘g ) Timet (g—nul—nuS)
0 0 B .

4

(%1143) opBasisRep(%)

S deltaPI-(cos(2-7r-t-nuS+7r-t-J)—cos(2-7r-t-nuS—n-t-J))S deltaPI-(sin(Z-n-t-nuS+7r-t-J)—sin(2-n-t-nuS—n-t-J))IS deltaPI - (cos(2 - 7 - t -
X! V: z8x
4 4

(%0143)

Fig. 18.24

Combining the Sx components

(%1144) -(deltaPS*(cos(2*%p1*t*nuS-%pi1*t*]J)+cos(2*%p1*t*nuS+%pi*t*]1)))/4+
(deltaPI*(cos(2*%pi*t*nuS+¥%pi*t*])-cos(2*%p1*t*nuS-%pi*t*])))/4

deltaPI - (cos(2-w-¢t- nuS+x-¢t-J)—cos(Q-w-¢t-nmuS—x-¢t-J)) deltaPS-(cosQ-7-¢t-nuS—7w-¢t-J)y+tcos(2-w-t-nuS+mx-t-J))
4 4

(%0144)

(%1145) ratsimp(%)

(deltaPS + deltaPI) - cos(2 - 7 -t - nuS —x - ¢ - J) + (deltaPS — deltaPI) - cos(2 -z -t -nuS + 7 - ¢ - J)

%0145)  —
(Yo0145) 2




Combining the Sy components

(%1146) -(deltaPS*(sin(2*%pi1*t*nuS-%p1*t*])+sin(2*%p1*t*nuS+%¥pi*t*])))/4 +
(deltaPI*(sin(2*%p1*t*nuS+%bp1*t*])-sin(2*%bp1*t*nuS-%p1*t*]1)))/4

deltaPI - (sin2 -7 -¢t-nuS+x-¢-J)—sm2-7-¢t-nuS—x-¢t-J)) deltaPS-(sin(2-7-¢t-nuS—7-¢t-J)+sin2-w-¢t-nuS+mx-+¢-J))
4 4

(%0146)

(%1147) ratsimp(%)

(deltaPS + deltaPI) - sin(2 - 7 - ¢ - nuS — 7 - ¢ - J) + (deltaPS — deltaPI) - sin(2 - 7 - t - nuS + 7 - ¢ - J)

%0147) -
(%0147) ;

The signal with frequency nuS-J/2 has amplitude of -(deltaPl+deltaPS) The signal with frequency nS+J/2 has amplitude of (deltaPI-deltaPS)

3.3 18.3.3 HSQC

Page 572

The INEPT sequence forms the first part of the HSQC experiment, so we can begin the analysis of the HSQC with the results from INEPT shown above.

(%1148) opBasisRep(inept(rhokq))

deltaPS

Sx: IzSx: deltaPl

(%0148)

For the S-evolution period, we can use the function defined earlier for an I-decoupling sequence

(%1149) fundef(decouplel)

T T
(%0149) decouplel(p, 7):=block ([rho 1, rho2], rhol : rthoTime (p, > ), rho2 : thoPiXI(rhol), rhoTime (rh02, 5 ) )

The component beginning as Sx

(%1150) rho_hsqcS1:decoupleI(-(deltaPS/2)*Sx,t1)

J J
i-m-tl- (7—+nu17nuS) i-m-tl- (—+nuI+nuS)
ioretl-J 2 ] S 2
0 deltaPS-e——> — * 2 —i-metl-muS - 2 0
4
J J
i-m-tl- (—E+nul—nus i-m-tl- (5+nul+nuS)
i-m-tl-J .
deltaPS-e™ — 2 2 ti-z-tl-mS+ 2 0 0
4
(%0150)
0 0 0
J
i-mw-tl- (—7nuI*nuS
i-m-tl-J 2 .
0 0 deltaPS-e =% 2 ti-metl
4

(%1151) opBasisRep(%)

deltaPS - cos(2 - 7 - t1 - nuS) deltaPS - sin(2 - 7 - t1 - nuS)
Sx: — Sy: —

2 2



(%0151)
Fig. 18.26

The reverse INEPT sequence for this component

The non-selective pi/2 y-pulse

(%1152) rho_hsqcS2:rhoPi2Y(rho_hsqcS1)

o 2vitmetl S, (deltaps+deltaps.e4'i-7r-t1'nuS) o 2vitmetl S, (deltaPS_e4-i'n-tl-nuS_deltaPS)
» » 0 0
o~ 2vimtlnus (deltaPS_e4-i-7r-tl-nuS_deltaPS) o~ 2vimtlnuS (deltaps+deltaPS_e4-i'7r-tl~nuS)
— . — . 0 0
(%0152)
e 2 ivmtl-nuS, (deuaps-+denaps.e4i‘ﬂ*lﬂms) e 2 imtl-nuS, (dehaPS-e4
0 0 » »
e 2im-tl-nus, (deltaPS-e4'i'”'t1'““s—deltaPS) e 2w tl-nus, (deltaPS+<
0 0 — 2 — :
(%1153) opBasisRep(%)
deltaPS - sin(2 - 7 - t1 - nuS) deltaPS - cos(2 - 7 - t1 - nuS)
Sy: — Sz:
2 2
(%0153)
Fig. 18.27
Refocused 1/(2*J) period
(%1154) rho_hsqgcS3:rhoTime(rho_hsqcS2,1/(4*]))
/ j —Z+ I-nuS j Z+ I+nuS
. ‘ ' l'ﬂ"( 5 nu nu. ) . l'7l"(2 nu nu; )
e 2-i-mtl-nuS, (deltaPS+deltaPS-e4"'”'“'nus) (deltaPS~e4'l'”'”'“us—deltaPS) e o, T2 b thus e 47
8 8
i-m- (7§+nu17nuS i~ (§+nul+nuS)
(deuaps.e4'f”'“'nwi—deuaps:).e— ™, “2-iemethnuS+ ™, e 2-im-tl-muS, (denaps-+deuaps-e4'f”'“'nu5)
- g B g
(%o0154) |
0 0
(deltaPS-e4
\ 0 0 -
(%1155) opBasisRep(%)
(z+4-7-tl1-J) -nuS (4-7-tl-J—xm) -nuS . (4-7-tl-J—xm) -nuS . [ (z+4-7-t1-J) -nuS
deltaPS - | cos o — COoSs oW, deltaPS - | sin W, + sin W,
' ' ' ' deltaPS - cos(2 - 7 - t1 - nuS)
Sx: — 3 Sy: — 3 Sz: >
22 22

(%0155)



(%1156) rho_hsqcS4:rhoPiX(rho_hsqcS3)

. . i . i-7m-nuS
/ g2 irmetl nuS, (dehaPS-FdehaPS-e4'””'“'nus) o2t tl S, (dehaPS-e4'””'”'nus—-dehaPS:)-8'757_
— — 0
5 5
8 25.i+23
—_ —_ — —_ . . i-m-nuS . .
( (—\/21—\/2)deltaPS+ (,\/2.i+,\/2).deltaps.e4-z-n’.tl-nu8).e—Z-Z.n.tl-nuS— W, e—z-z.n-tl-nuS. (deltaPS+deltaPs_84-z~n’-tl-nuS)
0
16 8
(%0156)
e 2 im-tl-ms, (deltaPS+delta
0 0 — .
(deltaPS cetrirmeth-nuS _ qa]apS ) ¥
0 0 g 5
\ 22-i+t22
(%1157) opBasisRep(%)
(z+4-m-t1-J) -nuS (4-7-tl-J—x) -nuS o (4-zm-tl-J—7) -nuS . [ (z+4-7-t1-J) -nuS
deltaPS - | cos o — COS oW, deltaPS - | sin 7 + sin 7
' ' ' ' deltaPS - cos(2 - 7 - t1 - nuS)
Sx: — 5 Sy: 3 Sz: —
2 2 2
22 22
(%0157)
(%1158) rho_hsqgcS5:rhoTime(rho_hsqcS4,1/(4*]))
1 i _— ... . . ... . .
/ e—Z-i-n-tl-nuS. (deltaPS+deltaPS-84'i‘”'t1'nus) ($$ ) -e 2-i-m-tl-nuS | (deltaPS.e“ i-m-tl “us—deltaPS)
o o 5 5
8 25-1+27

($+% ) Lo~ 2wt ( (~\2+i-2) -deltaPS + (V21442 -deltaPS-e4‘i'”'t1'““S)

16

(%0158) |

(%1159) opBasisRep(%)

deltaPS - cos(2 - 7 - t1 - nuS)
2

Sz:

(%0159)

Neither of these components contributes to I-magnetization during the data-acquisition period.

Back to the 1zSx component present at the end of the INEPT sequence

(%1160) deltaPI*IzSx

e 2:irmtl-nusS, (deltaPS+deltaPS-e4""”’t1'nus)

8
o~ 2-i-metl-nuS ((
O —
1 .
_ _—_ \).,2vi-m-tl-n
0

1z8x: — deltaPS - sin(2 - 7 - t1 - nuS)



deltaPI

2 0
deltaPI
2 0 0 0
(%00160) deltaPI
0 0 0 —
4
deltaPI
0 0 ~
The refocused S-evolution period
(%1161) rho_hsqcIS1:decoupleI(deltaPI*IzSx,t1)
i-m-tl- (—£+nu1—nus) i-m-tl- (£+nu1+nuS)
i-m-tl- 2 2
deltaPl - e 21 > 2 —i-m-tl-nuS— 2
0 — 2 0
el i~n-t1~(—§+nul—nus | i-n~t1-(§+nul+nu8)
deltaPI-e” — 2 ~ 2 Tiom-tl-nuS+ 2
— 2 0 0
(%o0161)
0 0 0
i-m-tl- (Z—nul—nuS
imetl-J 2 )
deltaPl-e ™ 2~ 2 Fimetl-nuS
0 0 4

(%1162) opBasisRep(%)

1z8x: —deltaPI - cos(2 - 7 - t1 - nuS)IzSy: —deltaPI - sin(2 - 7 - t1 - nuS)

(%0162)

Fig. 18.28
The 1zSx component evolves into a mixture of 1zSx and 1zSy, depending on the nuS and the length of the t1 period.

Define a function for the reverse INEPT sequence

(%1163) rinept(rho):=block([rhol,rho2,rho3],
rhol:rhoPi12Y(rho),
rho2:rhoTime(rhol,1/(4*])),

rho3:rhoPiX(rho2),
rhoTime(rho3,1/(4*1)))

1 1
(%0163) rinept(p) :=block ([rho 1, rtho2, rho3], rhol : thoPi2Y(p), rho2 : thoTime (rhol, r] ), rho3: rhoPiX(rho2), rhoTime (rh03, r] ) )

Test this with the mixture Sx and Sy present at the end of the t1 evolution period, which began as Sx at the end of the INEPT segment

(%1164) opBasisRep(rho_hsqcS1)

deltaPS - cos(2 - 7 - t1 - nuS)S deltaPS - sin(2 - 7 - t1 - nuS)
_ T
2 2

Sx:

(%0164)



(%1165) rinept(rho_hsqcS1)

/ , . L) it (deltaPS.e4-i-7r-tl-nuS_deltaPS)
e_z'"”'“'nus-(deltaPS+deltaPS-e4"'”'t1'nus) V22
- N 5 5
8 272-i+232

($+i ) e 2eimetlmuS, ( (—\/E.i—\/i) . deltaPS + (\/E-H\/E) .deltaPs-e“'i'”'“'““S)

e 2 imeth-nus, (deltaPS+deltaPS-e4""”'t1'nus)

16 8
(%0165) |
6—2‘i-7r‘t1-nuS_ (
0 0 — (
(_\/;'2 ) e—2-i-mtlem
\ 0 0
(%1166) opBasisRep(%)
deltaPS - cos(2 - 7 - t1 - nuS) _
Sz: — 5 1z8x: — deltaPS - sin(2 - 7 - t1 - nuS)
(%0166)
Now apply the reverse INEPT sequence to the two components that evolve from 1zSx during the t1 period
First, the -1zSy component
(%1167) rinept(-deltaPI*sin(2*%pi1*tl1*nuS)*IzSy)
0 0
i-m-nul :
i-deltaPl-e 2.7~
0 0
(%0167) , ,
R i-m- (—Eﬂlul—nuS) R i-m (—E—nul-i—nuS)
i-deltaPl-e 7.7 * 47 =T 4.7 -sin(2-x-tl -nuS)
0 a 4

J J
i~ | =—nul—nuS i-m- | = +nul+nuS
i-m-nul 2 i~7t-nuS+ 2

i-deltaPl-e” 27 4.7 2.7 4.7
4

-sin(2-z-tl -nuS)

(%1168) opBasisRep(%)

IxSy: deltaPI - sin(2 - 7 - t1 - nuS)

(%0168)

Fig. 18.30

This component does not contribute to observable magnetization during the data-acquisition period.



Then the -1zSx correlation component

(%1169) rinept(-deltaPI*cos(2*%pi*t1*nuS)*IzSx)

"
0 0 - — 0

22-i+23

1 i
( —$ ) -deltaPI-cos(2-7z-tl-nuS)

($+$ ) (\/§+\/§-i) - deltaPI - cos (2
0 0 0

8
(%0169) |
(éJri ) (\/§+\/§z) -deltaPI-cos(2-z-tl -nuS)
(éi ) -deltaPI-cos(2-7z-tl -nuS)
0 3 3 0 ’
\ 27 -i+23

(%1170) opBasisRep(%)

deltaPI - cos(2 - 7 - tl - nuS)
2

Iy:
(%0170)

Fig. 18.32

This is the component that generates the signal in the data-acquisition period! The magnitude of this component is determined by the initial equilibrium
population difference for the I-spin and the evolution of the S-spin during the t1 period.

3.4 18.3.4 Homonuclear COSY

Page 576
Starting with the Ix component present after the initial pi/2 y-pulse.

The evolution during t1

(%1171) rho_hhCosyl:rhoTime(Ix,tl)

J J
[ . . . — — - —7. . . - +
/ el'm tl (nuS nul 3 ) i-m-tl (2 nul nuS) \

0 0 > 0
ei-n-tl- (nuSnuI+§)i-n-tl- (ngnuInuS)
0 0 0 >
(%0171)
ei-n-tl- (nuS+nuI+g)—i-n-tl- (—g—nul+nuS)

0 0 0

2

ei~7r.t1- (—nuS+nuI—§ ) —i-m-tl- (g—nul—nuS)

\ 0 5 0 0

(%1172) opBasisRep(%)



cos-zw-tl -nul—7-tl-J)+cos(2-7-tl -nul+x-tl- sm2-7z-tl -nul—zw-tl - )+sin2-z7-tl -nul +7z-1tl -
( J)2 ( J)Iy: ( J)2 ( J)Isz: cos(2-m-tl -nul+x-tl-J)— cos(Z

Ix:

(%0172)

Fig. 18.34

The second pi/2 y-pulse

(%1173) rho_hhCosy2:rhoPi2Y(rho_hhCosyl)
\mathrm {\tt (\%o0173) }\quad \begin {pmatrix}-\frac {\left( 1+{{e}"{2\cdot i\cdot \p1 \cdot \mathit{tl }\cdot J} } Hleft( {{e}"{2\cdot i\cdot \p1 \cdot \mathit{tl }\cdot J} }+1\right) \c
(%1174) opBasisRep(%)

; sin(2-7r-t1-nuI—n-tl-J)+sin(2-7r-t1-nuI+7r-t1-J)I cos(2-mw-tl -nul—z-tl-J)y+cos2-z-tl -nul+x-tl-J
y: z: —
2 2

IySx: sin(2-7w-tl -nul+x-tl-J)—sir
(%0174)

Evolution of the ly component during the data-acquisition period, t2

(%1175) rholyt:rhoTime(((sin(Z2*¥pi1*t1*nul-%pi*t1*I)+sin(2*%pi*t1*nul+%pi*t1*]))/2)*1y,t2)

0 0
0 0
(%0175)
. J . J
ﬁ(sm(Z-nwlqnd—n-ﬂ-J)+sm(2-n¢14nﬂ+ﬂ-ﬂ-J))-d“’a'(m§+mﬂ+5)_bma'(_E_HM+mﬁ)
" 0
. J |
iwsm(24rﬂ-mﬂ—nwlnﬂ+sm(24rﬂ~mﬂ+n¢LJ))@””Q'(ﬂmwﬂm_i)ﬂ
0

4

(%1176) opBasisRep(rholyt)

—cos(-w-t2-2-mw-tl) - nul+(—7-tl—mw-t2)-J)y—cos(R-w-t2—2 -7w-tl) - nul+(zx-tl —7-t2)-J)—cos(R-w-t2—-2-mw-tl)-nul+(x-t2—7m-tl)-J)—cos

Ix:
(%0176)
Simplifying the Ix component
(%1177) meanRho(Ix,rholyt)

(%0177) —cos(2-n-2—-2-mw-tl) ml+(—z-tl—7-t2)-J)—cos(2-7-12—2-7w-tl) nul+@x-tl —7-t2)-J)—cos(2-7w-t2—-2-7-tl)-nul+(x-t2—7m-tl)-J
00

(%1178) trigreduce(%)

—cos2-m-t2-mul—-2-7-tl - nul-7-2-J-—mw-tl-J)y—cosQ-z7z-2-nul—-2-7-tl nmul—7-2-J+zx-tl-J)—cos(2-7w-t2-nul—2- -7 -t]l -nul+x-t2-

(%0178)

(%1179) trigexpand(%)

(%0179)  —cos(z - tl - J) - cos( - 12 - J) - sin(2 - z - t1 - nul) - sin(2 - 7 - £2 - nul)
(%1180) temp:%

(%0180) —cos(z - tl -J) - cos( -2 - J) - sin(2 - z - t1 - nul) - sin(2 - 7 - £2 - nul)

To separate the t1 and t2 terms, first make substitutions for the t2 terms



(%1181) subst([cos(¥pi*t2*])=a,sin(2*%p1*t2*nul)=b],temp)
(%0181) —a-b-cos(mw-tl-J)-sin2 - x-tl - nul)
(%1182) trigreduce(%)

a-b-sin2-x7-tl - nul+z-tl-J) a-b-sm2-7-tl -nul—x-tl-J)

(%0182) - . !
(%1183) factor(%)
(%0183) — a-b-(sin(m-tl-(2-nul—J))+sin(x-tl - (2 - nul +.J)))
2
(%1184) temp2:%
(%0184) _a-b-(sin(z-tl-(2-nul—J)) +sin(x - tl - (2 - nul +.J)))

2
Define a new term to substitute back in
(%1185) ab:cos(%pi*t2*])*sin(2*%pi*t2*nul)
(%0185) cos(z - 2 -J) - sin(2 - 7 - t2 - nul)
(%1186) ab:trigreduce(ab)

sin(2-7r-t2-nuI+7r-t2-J)+sin(2-7r-t2-nul—7r-t2-J)
2 2

(%0186)

(%1187) subst(ab,a*b, temp2)

a-b-Gin(x-tl- 2 -nul—J))+sin(z-tl- (@2 -nul+J)))
2

(%0187) -

The subst function does not allow a substitution for a term made up of two parts, like a*b, but ratsubst does

(%1188) ratsubst(ab,a*b,temp?2)

(sm2-z7-tl -nul+7z-tl-J)y+sin2-7-tl - nul—x-tl -J))-sin-7-2-nul—7-2-)+6in2-z7z-tl -nul+z-tl-J)+sin2-7-tl -nul—7x-tl - J))-.
4

(%0188) —

(%1189) factor(%)

(sin(z - tl1 - (2 -nul —J)) +sin(z - tl - (2 - nul +J))) - (sin(z - t2 - (2 - nul —J)) +sin(z - t2 - (2 - nul + J)))
4

(%0189) —

The term for ly can be treated in the same way. Both of these components give rise to diagonal elements, determined by only nul

Evolution of the -1zSx component after the second pulse

(%1190) rholIzSxt:rhoTime((cos(2*%¥pi*t1*nul-%pi*tl1*])-cos(2*%pi*t1*nul+%bpi*t1*]J))*I1zSx,t2)



. J .
(cos(2-m-tl-nul—7z-tl-J)—cos(2-z-tl -nul+7z-tl-J)) - =2 (_nuSJrnuI_E)_l’”

0 4
J J
(cos(2-m-tl-nul—z-tl-J)—cos(2-z-tl -nul+z-tl-J)) - 2 (nuS+nuI+5) Timet2 (_5+nu1_nus)
2 0
(%0190)
0 0
0 0

(%1191) opBasisRep(%)

—cos2Q-mr-t2-muS—2-7-tl -nul+(—7-tl—7w-t2)-J)+cosR -7w-t2-nuS—2 -7-tl -nul+(x-tl—7-t2)-J)+cos(2-w-t2-nuS—2-7-tl -nul+(7-t2—

Sx: —
(%0191)
Looking at the Sx component

(%1192) meanRho(Sx,rhoIzSxt)

—cosQ-mw-t2-nmuS—2 -7-tl nul+(—7-tl—7w-t2)-J)+cos-w-t2-nuS—-2-7-tl -nul+(x-tl—7-t2)-J)+cos(2-7-t2-nuS—2- -7 -tl -nul+(x

(%0192) -

(%1193) trigreduce(%)

—cos2-mw-t2-muS—-2-7w-tl - nul—nw-t2-J—m-tl-J)+cos2-7w-t2-nuS—2 -7 -tl - nul—-nw-2-J+m-tl-J)y+cosQ-7x-t2-nuS—2-7-tl -nul+x

(%0193)  —

(%1194) trigexpand(%)

(%0194)  —sin(z - tl - J) - sin(z - 2 - J) - sin(2 - 7 - t1 - nul) - sin(2 - 7 - t2 - nuS)
(%1195) temp3:%

(%0195)  —sin(z - tl - J) - sin(z - 2 - J) - sin(2 - 7 - t1 - nul) - sin(2 - 7 - t2 - nuS)

Substitute for the t2 terms, as above

(%1196) subst([sin(¥pi*t2*])=a,sin(2*%p1*t2*nuS)=b],temp3)
(%0196) —a-b-sin(xr-tl-J)-sin(2-x-tl-nul)
(%1197) trigreduce(%)

a-b-cosQ-w-tl -nul+z-tl-J) a-b-cosR-z-tl -nul—x-tl-J
2 2

(%0197)

(%1198) temp4:%

a-b-cosQ-mw-tl -nul+z-tl-J) a-b-cosQ-w-tl -nul—x-tl-J)
2 2

(%0198)

(%1199) ab:sin(%pi*t2*])*sin(2*%pi*t2*nusS)
(%0199) sin(z - t2 -J) - sin(2 - 7 - t2 - nus)
(%1200) ab:trigreduce(ab)

cosQ-mr-t2-nuS—7-t2-J) cos(2:-7w-t2-nuS+x-t2-J)
2 2

(%0200)



(%1201) ratsubst(ab,a*b,temp4)

cos(2-m-tl - nul—x-tl -J)-(cos(2-w-t2-nmuS—7-t2-J)—cos(2-7w-t2-nuS+7x-t2-J)+cos(2-w-tl -nul+7z-tl-J):-(cos(Q-w-t2-nuS+x-12-J)
4

(%0201) -

(%1202) factor(%)

(cos(m-tl - (2 -nul+J)) —cos(z-tl - (2 -nul—J))): (cos(r-t2- (2 -nuS+J))—cos(x-t2- (2 nuS—J)))
4

(%0202) —

This represents a cross peak, with the t1 term determined by nul and the t2 term determined by nuS.

Created with wxMaxima.


http://wxmaxima.sourceforge.net/

