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An Idealized Macroscopic Diffusion Experiment
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m How will plot of C(x) versus x change with time?



Diffusion Across a Thin Slice of Volume

area=A

volume = A,

m Slices are é, thick and have cross-sectional area across the x-axis of A
m Volume of each slice is Ad,

m During time 7, all of the molecules will move (on average) the distance é, along
the x-axis.

m In a given slice, 1/2 of the molecules will move to the right and half to the left.



Fick’s First Law of Diffusion

area = A

m Symbols:
J = flux of molecules per unit area per unit time:

¢ 4, = RMS step length along the x-direction.

e 1 = average duration of random steps.
dc _
dx ~

m If concentration increases with x, flux is in the negative x direction.

derivative of concentration with x, “concentration gradient.”



The Diffusion Coefficient, D
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m Consider the term from Fick’s first law: oy

Both §, and T are parameters describing the random walk of molecules
(or larger particles) undergoing diffusion, and are constant for a given
type of particle under defined solution conditions.

m Define a new parameter, the diffusion coefficient, D:
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m The usual form of Fick’s first law:
dC
— D=
J dx

m D can be experimentally determined, without knowing anything about
the microscopic random walk steps.



Clicker Question #1

What are the units of the diffusion coefficient: D =

A) mol/s

B)|m?/s

C) mol/m/s
D) m/s




Clicker Question #2

What are the units of the concentration gradient: % ?

A) mol/m
B) mol/m?
C) mol/m?

D)| mol/m*




Dimensional Analysis of Fick’s First Law

2

é o
>, units: m?/s

m The diffusion coefficient: D =
: ... dC
m The concentration gradient: dx

C (concentration) units: moles/m?
x (distance) units: m

dC . moles/m3 _ moles
dx Nas units of — ="
m Flux, J
Jo dC  m?moles  moles

dx s m* s - m?

moles per unit time per unit area, as originally defined.



Diffusion of Molecules Across a Cellular Membrane

Membrane Some plausible values:
’ m Diffusion coefficient for a small
molecule: ~ 1071 m? /s
(to be considered later)
:.';zi;',:o;e. L m Thickness of a biological
’ . membrane: ~ 3nm

m Diameter of a molecular pore:
~ 1nm

High concentration Low concentration
m Concentrations: 50 mM and 5 mM



Clicker Question #3

Membrane Estimate the concentration gradient:

ac _ ac
dx  Ax
A) 1.5 x 103 moles/m*
B) 1.5 x 10° moles/m*
C) 1.5 x 10° moles/m*

High concentration Low concentration

D)|1.5 x 10* moles/m*

m Thickness of membrane: ~ 3 nm
. E) 4.5 x 10 moles/m*
m Diameter of pore: ~ 1 nm

m Concentrations: 50 mM and 5 mM



Applying Fick’s First Law

m Approximate the concentration gradient:
dC _ concentration difference 50 MM — 5mM

— , = =15mM
dx membrane thickness 3nm mM/nm
m Convert this to units with moles and meters:
3
15mM/nm = 0.015 moles/L X 10°L = 1.5 x 10" moles/m*
107°m m3
m Flux from Fick’s first law:
J= —DZ—C = —10"""m?/s x 1.5 x 10" moles/m* = —1.5moles/(s - m?)
X

Negative sign indicates that diffusion is in the direction opposite to the
concentration gradient.



Diffusion Through a Membrane Pore

m The pore: evwivce .:......:
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B Wi
SN R0 o280
— —
3nm 1nm

Diameter = 1 nm
Area = 7r> = 7(0.5nm)? = 7.8 x 1079 m?
m Flux:
J = —15moles/(s - m?)
m Moles per second through the pore:

1.5moles/(s-m?) x 7.8 x 107 m? = 1.2 x 10 *® moles/s



Diffusion Through a Membrane Pore
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m Moles per second through the pore:
1.5moles/(s-m?) x 7.8 x 107 m? = 1.2 x 10 *® moles/s
m Molecules per second through the pore:

1.2 x 107 moles/s x 6.02 x 10%* molecules/mole = 7 x 10° molecules/s



How Many Molecules are in the Pore?
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m Pore volume:
V =mr? x | =7(0.5nm)? x 3nm
=24nm? x (10°m/nm)* =2.4 x 107*" m?
=24x1072"m* x10°L/m* =24 x 107*L

m Assume that the concentration in the pore is the mean of the
concentrations on the two sides:

C = (50mM — 5mM)/2 = 22mM = 0.022 moles/L



How Many Molecules are in the Pore?

ORI MAD
O 0 ..:80. .'3.
@
—
NRARYA 02988
— —
3nm 1nm

m Concentration: 0.022 moles/L

m Moles in pore:

0.022 moles/L x 2.4 x 1072*L = 5.3 x 107%° moles

m Molecules in pore:
5.3 x 107** moles x 6.02 x 10?* molecules/mole ~ 0.03 molecules

Most of the time, the pore is “empty”!



Warning!

Direction Change

Change in Concentration with Time



An Idealized Macroscopic Diffusion Experiment

C(x)
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m How will plot of C(x) versus x change with time?



Clicker Question #4

Where will the flux, J, be greatest?

C(x)
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I[At point B, where the concentration gradient is greatest.]

m But, the molecules move at the same rate everywhere!



Fick’'s Second Law of Diffusion

m How does the concentration at a given point
change with time?

m Net number of molecules moving to the right
at two sides of a slice, during interval d't:

N, = J,Adt
NX+5X - JX+5XAdt

m Change in number of molecules in the slice:

dN = N, — N5,
= Adydt — Adyis dt
— Adt(Jy — Jss,)



Fick’'s Second Law of Diffusion

m Change in concentration in the slice:

_dN Adt(Jy — Jiss,)

dc Ad, Ady

Jx+6x - Jx
dx

= —dt

m In the limit of small dt and small §,:

dC  Jus — e dJ

dt 5.  dx

m How does J change with x?



Fick’'s Second Law of Diffusion

m Fick’s first law:
dC
J = _DE

m Derivative of J with respect to x:

dJ d*C
ax . Pax

m Fick’s second law:
dC__dJ_pdC
dt  dx  dx?

Also called the diffusion equation.
What is it good for? How do we use it?



Fick’s First and Second Laws of Diffusion

m First law:

dC
- _D——
J dx
m Flux, J, at position x is
proportional to the concentration
gradient at that position.

C(x)

X

m Second law:

2
dC Dd C

dt dx?

m Rate of change in concentration at
position x is proportional to the
derivative of the concentration
gradient.



Clicker Question #5

Where will the concentration increase most rapidly?

C(x)

®
X
At point A |, where the concentration gradient increases most rapidly with

respect to x.

® ® ©



Fick’'s Second Law of Diffusion

dC d*C
- _pD——
dt dx?
m A “second-order differential equation”.

m The solution to the equation is a function:
C="f(x1t)
that satisfies the equation:

df(x, t) Ddzf(x, t)

dt dx?
m The trick is to find C = f(x, t).

m The solution depends on the shape of the
volume and the initial concentrations, the
boundary conditions.



