Maxima workbook for Principl f NMR Spectroscopy
Chapter 12: More quantum mechanics: Time and energy

1 Introduction

This wxMaxima workbook is an electronic supplement to to the book Principles of NMR Spectroscopy: An lllustrated Guide, David P. Goldenberg, University
Science Books, (c) 2016
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wxMaxima is a graphical user interface to the computer algebra system (CAS) Maxima. General information about Maxima and wxMaxima, along with free
versions of the programs, can be found at: http://maxima.sourceforge.net/ and http://andrejv.github.io/wxmaxima/

Before attempting to use this workbook, users are strongly encouraged to read and experiment with the introductory workbook, gettingStarted.wxmx, and the

workbook for Chapter 11, chapter11.wxmx
This software is distributed under the conditions of the BSD license and without any guarantees or warranties. (c) 2016 by David P. Goldenberg
Please send comments, including bug reports, to this address:

David P. Goldeberg

Department of Biology

University of Utah

257 South 1400 East

Salt Lake City, UT 84112-0840

goldenberg@biology.utah.edu

This chapter covers the general description of the change of a wavefunction with time and the specific cases of a spin-1/2 particle in a stationary field and
during a pulse.
The worksheet uses the definitions found in 1spinLib.mac

(%11) load("1spinLib.mac")
The list of functions defined in this macro file (and the packages it uses, can be generated with the functions command.

(%12) functions

(%02) [innerproduct (x, y), unitvector (x) , columnvector (x) , gramschmidt (x, [myinnerproduct]) , eigenvalues (mat) , eigenvectors (mat) , suk

2 12.2 Spin-1/2 particles 1in a magnetic field
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3 12.2.1 Time dependence of the wave function

Here, we express the Hamiltonian operator as a matrix. The dependence on the external field strength and gyromagnetic ratio are expressed through the
Larmor frequency, nu =-gamma*B/(2*pi)

(%13) H(Cnu)

0
(%03) N

14

2

The general form of a wavefunction, or ket, for a spin-1/2 particle is written as a column vector:

(%14) k_psi

ca
004
(%04) (cb)

The complex conjugate, bra, of the wavefunction is written as a row vector:

(%15) b_ps1i



(%05)  (ca )

The operation of the Hamiltonian on the wavefunction

(%16) H(nu).k_psi

ca-h-v
%06 2
( ) __cb-hv
2

The eigenvalues and eigenvectors of the Hamiltonian

(%17) uniteigenvectors(H(nu))

h-v h-
(%07) [l[- 21/, 2y],[1,1]],[[[0,1]],[[1,0]]]]

The eignenvectors of H are the same as those of Iz and the eigenvalues are -h*nu/2 and h*nu/2. For a nucleus with a positive gyromagnetic ratio, the
frequency is negative and energy of the Ibeta> wavefunction (represented as a vector in Maxima list form as [0,1]) has a positive energy.

The time dependence of a wavefunction is calculated using the unitary matrix Uh, which includes terms for both the time period, t, and the Larmor frequency
nu

(%18) Uh(t,nu)

—i-7-U-t
(%08) ( ‘ b )
O ez-zt-v-t

The product of this matrix and the vector form of a wavefunction gives the wavefunction after time, t

(%19) Uh(t,nu).k_ps1

ca - e—i-ﬂ'l/'t
(%09) .
Cb . el'ﬂ"l/'f
We use as the starting wavefunction one of the eigenfunctions of Ix

(%110) k_0:ket(1/sqgrt(2),1/sqgrt(2))

1

(%010) v
V2
The complex conjugate of the wavefunction (i.e. the bra) is

(%111) b_0:bra(k_0)

1 1
%ol (% 55)
After time t, the wavefunction is

(%112) Uh(t,nu).k_0

e—l'ﬂ"l/'l

(%012) V2

el'ﬂ"l/'t

V2

An aside on complex numbers. If we define a complex number as:

(%113) declare(c,complex)

(%013) done

(%114) c:a + %1*b



(%0l14) i-b+a
(%115) c
(%015) i-b+a

The exponential form of the complex number can be found using the polarform command, found as the Convert to Polar Form command in the
Simplify>>Complex menu of wxMaxima

(%116) cp:polarform(c)

(%016)  \b? + &2 - a2

(%117) cp

(%017) \/b2 + aZ . ei-atan2(b,a)

The term sqrt(b”2+a”2) represents the modulus, m, and atan2(b,a) is the angle theta. The function atan2 calculates the arc tangent (inverse tangent) of points
defined by their x and y coordinates.

(%118) ? atan?

-- Function: atan2 (<y>, <x>)
- yields the value of 'atan(<y>/<x>)' in the interval -\%pi' to

\%pi'.
(%018) true

Complex numbers in the exponential form can also be converted to the rectangular form (Convert to Rectangular Form in the Simplify>>Complex menu of
wxMaxima).

(%119) rectform(cp)

(%019) i-b+a

4 12.2.2 Time dependence of the z-magnetization
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We will call the evolving wavefunction, calculated above, k_t

(%120) k_t:Uh(t,nu).k_0

e—l'ﬂ"l/'l

V2
ei-ﬂ'-l/-l

V2

(%020)

The corresponding bra is b_t and can be formed using the bra function in 1spinLib.mac

(%121) b_t:braCk_t)

I-wv-t —i-mv-t

o21) (L5 )

The z-magnetization is calculated by multiplying the ket by the |z operator matrix, and then multiplying the product by the bra

(%122) 1z

(%022)

S D=
|
=

(%123) b_t.Iz.k_t

(%023) O



For the more general case, we can use k_psi and b_psi defined in 1spinLib.mac

(%124) k_psi

ca
0024
(%024) (cb)

(%125) b_psi

(%025)  (¢a ¢b)

The over scores indicate the complex conjugates of ca and cb
The initial z-magnetization is:

(%126) b_psi.Iz.k_psi

(%026) ca-ca cb-ch
O —
’ 2 2

The time-dependent wavefunction and its complex conjugate are then:

(%127) k_psit:Uh(t,nu).k_ps1i

. it
(%027) (“’ € )

Cb . ei-zt-z/-t

(%128) b_psit:braCk_psit)

(%028) ( ca - ei-n’-v-t E . e—i-?‘['l/'t )

The time-dependent z-magnetization is

(%129) b_psit.Iz.k_psit

(%029) ca-ca _ ch - cb
2 2

Thus, the z-magnetization does not change with time, in the absence of relaxation or other perturbations.
The magnetization components can also be calculated using the meanPsi function in 1spinLib.mac.

(%130) fundef(meanPsti)

(%030) meanPsi (op, ) := trigreduce (trigsirnp (demoivre (17 .0p.l//) ))

The functions trigreduce, trigsimp and demoivre are included in this function definition to simplify the results and express them in trigonometric form.

(%131) meanPsi(Iz,k_t)
(%031) O
(%132) meanPsi(Iz,k_psi)

cb-chb—ca-ca

2
(%133) meanPsi(Iz,k_psit)

(%032) —

ch-chb —ca-ca
2

(%033) —

5 12.2.3 Time dependence of the x- and y-magnetization components



(%134) Ix;
o 1
(%034) 1 2
3 0
(%135) k_t;
(%035) V2
e‘\/a
(%136) b_t;

(%036) ( i fmmt)

V2 V2

(%137) b_0.Ix.k_0;

1

~
R
©)
w
~

~

(%138) b_t.Ix.k_t;

eZ-i-Jt-v-t e—2-i-7t-1/-t
+
4

~
R
O
w
oo

~

(%139) rectform(%);

(%039) cos-m-v-t)

|

(%140) meanPsi(Ix,k_t);

(%040) cos-m-v-t)

2

(%141) 1ly;
0 -4
i 0

(%142) meanPsi(Ily,k_0);

~
R
@)
>
[ —
~

|~

~
R
o
>
N

~

0




(%i43) b_t.Iy.k_t

i —2:i-mv-t i eZ-i-ﬂ-v-t

%043 € _
(%0043) 1 1

(%144) meanPsi(ly,k_t)

(%04d) sin(2-7-v-t)

The 1spinLib.mac library also includes a function, allMagPsi, to calculate the x, y and z magnetization components in one command
(%145) allMagPsi(k_ps1i)

ca-ch+ca-ch i-ca-cb—i-ca-ch ch-ch —ca-ca
< Ix >= 5 < Iy >= 5 <Iz>= — >

(%045)

(%146) allMagPsi(k_0)

1
<Ix>= §<Iy>= 0<Iz>=0
(%046)
(%147) allMagPsi(k_t)

cos2-m-v-t) sin(2-z7-v-t)

(%04T)
(%148) allMagPsi(Ck_psit)
< Ix >= —_E'Cb'cos(z'”'y't)_ca’E'COSQ'ﬂ'V'D—i'@-cb-sin(2-ﬂ-y-t)+i'ca-£-sin(z.n.y-t) <ly>= —i -

2
(%048)

The simplification rules included in the allMagPsi function don't always give the simplest results, but further manipulations can be applied to the results. For
instance for the x-magnetization from k_psit

(%149) meanPsi(Ix,k_psit)

—ca-cb-cos-m-v-t)—ca-cbhb-cos-mw-v-t)—i-ca-chb-sinQ-w-v-H)+i-ca-cb-sin(2-7-v-1)

%049) —
(%0493) 5

(%150) ratsimp(%)

<—ca-£—@-cb>-COS(Z-ﬂ-y-t)+<i-ca-$—i-@-cb>-sin(2-7t-v-t)

2

(%050) —
This still looks pretty messy, but notice that the initial Ix and ly components are:
(%151) meanPsi1(Ix,k_psti)

ca-chb+ca-ch
2

(%152) meanPsi(ly,k_psi)

(%051)

[-ca-cb—1-ca-cb
2

(%052)

If we call the initial values Ix0 and ly0, we can substitute these values into the expression for the time-dependent Ix magnetization



First, let's assign the expression to a variable.

(%153) IxTime:ratsimp(meanPsi(Ix,k_psit))

(—ca-@—@-cb)-Cos(2-7z-y-t)+(i-ca-%—i-@-cb)-sin(2-7t-1/-t)
2

(%053) —
Then we can use the substitution command, which is available as Simplify>>Substitute in wxMaxima. We do this in two steps.

(%154) subst(2*Iy0Q, (%i1*ca*conjugate(cb)-%i1*conjugate(ca)*cb), IxTime)

(—ca-@—@-cb)-Cos(2-ﬂ-v-t)+2-ly0-sin(2-ﬂ-v-t)

%054) —
(%054) 5

(%155) subst(-2*Ix0, (-ca*conjugate(cb)-conjugate(ca)*cb), %)

2-VO-sin2Q-m-v-t)—2-Ix0-cos(Q-mw-v-t)

%055 —
(%0595) 5

Substitutions are rather tricky, and the form used in the substitution often has to match exactly the form that appears in the original expression.

6 12.3 When the Hamiltonian changes with time: The effect of radiation
on the wavefunction
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6.1 An x-pulse
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The effects of pulses on the wavefunction are expressed in matrix form by rotation matrices containing the variable a, for the angle of rotation.
For an x-pulse, the rotation matrix is (from 1spinLib.mac):

(%156) Rx(a)

(%056) < cos(%) —i - sin (%))

—i-sin(%) cos(%)

To obtain the new wavefunction, the existing wavefunction is multiplied by the rotation matrix. (Eq 12.6, page 359)

(%157) Rx(a).k_psi

(%05T) (cos (5) -ca —1-sin (3) -cb)
3) 2

)'CCl

1spinLib.mac also contains a function to calculate this result

)

Additional functions are provided for the specific cases of pi and pi/2 pulses along the x-axis

(%158) psiPulseX(k_psi,a)

< CcOS (
(%058)

COS

)-ca—i-sin(

)-cb—i-sin(

—
ol e
(ST EN Y E

(%159) psiPiX(k_psi)

(%059) ( B Cb)
—1l-ca



(%160) psiPi2X(k_psi)

ca __ i-cf
(%060) ( V2. V2 J

cb __ i-ca
V2 V2

For the case of a (pi/2)x pulse applied to lalpha>

(%161) psiPi2X(k_a)

1
(%061) < Vz_)
Y

(%162) allMagPsi(%)

1
<Ix>=0<1ly>= —§<Iz>= 0
(%062)

6.2 y-pulses
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The y-rotation matrix is:

(%163) Ry(a)
(%063) COS (5) —sin <E)
sin (%) COS (%)
(%164) Ry(Ca).k_psi
) -cb
) - ca

COS (

(%064) <
COS (

y-pulse functions

)-ca—sin(

e e
(Y ENTEN

) - cb + sin (

(%165) psiPulseY(k_psi,a)

< COS (
(%065)

COS (

)-ca—sin(

)-cb)
)-ca

N R
(SYENETIN

) - cb + sin (
(%166) psiPi2Y(k_psi)

ca _ b
(%066) ( V2 ﬂ]

b 4 ca
2 A2

(%167) psiPiY(k_psi)

(%067) ( —cb >
cd

(%168) psiPulseX(k_a,a)

(%068) < cos (4) >
—i-si (g)

A (pi/2)y pulse applied to lalpha>



(%169) psiPi2Y(k_a)

_L
(%069) < V12>

V2
(%170) allMagPsi(%)

1
< Ix >= §<1y>= 0<Iz>=0

(%070)

To look at the effect of an x-pulse after aligning the magnetization with the y'-axis, first define the wavefunction following a pi/2 x-pulse to lalpha>

(%171) k_y:psiPi2X(Ck_a)

L
(%071) < V2_>
Y

(%172) allMagPsi(k_y)

1
<Ix>=0<1Iy>= —§<Iz>= 0
(%072)

then apply a pi/2 y-pulse

(%173) psiPi2Y(Ck_y)

(%073) < )

(%174) allMagPsi(%)

+

= |~
|~ =

1
<Ix>=0<1ly>= —§<Iz>= 0

(%o074)

As expected, the second pulse has no effect.

6.3 A 2¥P1i-pulse
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A 2*pi pulse applied to lalpha>

(%175) psiPulseX(k_a,2*%pi)

(%075) ( _1)
0

The sign of the wavefunction has been reversed, but the observable magnetization components are unchanged.

(%176) allMagPsi(%)

1
<Ix>=0<Ily>=0<1Iz>= 5

(%076)

/ 12.3.5 Transition probabilities and the absorption of energy
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The transition probability from lalpha> to |beta> is calculated as I<betallminuslalpha>I*2, where Iminus is the lowering operator

(%177) abs(b_b.Iminus.k_a)A2

(%077) 1

Ibeta> cannot be converted to Ibeta>

(%178) abs(b_b.Iminus.k_b)A2

(%078) O

The upward transition from an arbitrary wavefunction to lalpha>

(%179) k_psi

(%079) ( C“)
cb

(%180) abs(b_a.Iplus.k_psi)A2

(%080)  |cb|?

Because cb is a complex number, Icbl represents cb*conjugate(cb)
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