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1 Introduction

This wxMaxima workbook is an electronic supplement to to the book Principles of NMR Spectroscopy: An lllustrated
Guide, David P. Goldenberg, University Science Books, (c) 2016. This and related files are available for download
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be found at: http://maxima.sourceforge.net/ and http://andrejv.github.io/wxmaxima/ Before attempting to use this
workbook, users are strongly encouraged to read and experiment with the introductory workbook, gettingStarted.wxmx,
and the workbooks for the earlier chapters. This software is distributed under the conditions of the BSD license and
without any guarantees or warranties. (c) 2016 by David P. Goldenberg Please send comments, including bug reports, to
this address:

David P. Goldenberg

Department of Biology

University of Utah

257 South 1400 East

Salt Lake City, UT 84112-0840
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Chapter 17 introduces the density matrix for spin-1/2 nuclei. The first section deals with a population of isolated spins,
without scalar coupling, whereas the second section deals with a population of weakly-coupled spin pairs. Because
separate Maxima libraries (1spinLib.mac and 2spinLib.mac) are used for the two kinds of systems, separate workbooks
are provided for the two sections of Chapter 17

The library used previously for quantum mechanical calculations for individual, uncoupled spins also contains functions
for density matrix calculations for populations of uncoupled spins.

Functions with names beginning with "psi" are generally used for wavefunction calculations, whereas function names
beginning with "rho" are associated with density matrix calculations.

(%11) load("1spinLib.mac")

(%0l) [Usersldavidg/. maximallspinLib. mac

The macro library includes the definition of a matrix to represent a general density matrix for a population of isolated
spins 1/2



(%12) rhogen

(%02) <avCaC0njCa avCaConij>

avCbConjCa avCbConjCbh

The four elements of this matrix are just names meant to represent the averages of the products of coefficients and
complex conjugates of coefficients defining the wavefunctions of the spins making up the population.

Note that in the text, these averages are indicated by an over score, but in wxMaxima, over scores are used to indicate
complex conjugates.

2 17.1 The density matrix for a population of spin-1/2
nuclei

2.1 17.1.1 Average Magnetization Components from a Mixed Population
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The representation of an arbitrary wavefunction for a spin-1/2

(%i3) k_psi

ca
003
(%03) <cb>

Functions introduced earlier for calculating the average magnetization components for a population of spins, all with the
same wavefunction,

(%14) meanPsi(Ix,k_psi)

ca-ch+ca-chb
2

(%15) meanPsi(ly,k_psi)

(%04)

i-ca-cb—1i-ca-cb

2
(%16) meanPsi(Iz,k_psi)

(%05)

cb-cb—ca-ca

(%06) — 5

Calculation of average magnetization for a population defined by a density matrix

The general form of the density matrix for a population of spin-1/2 nuclei.

(%17) rhogen



(%oT) < avCaConjCa avCaConjCb >

avCbConjCa avCbConjCb

The names shown above for the density matrix elements are only labels. avCaConjCa, for instance, represents the
average of the product of the coefficient ca and the complex conjugate of ca for each spin, averaged over the population.

The Ix, ly and Iz operator matrices are the same as the ones used for the wavefunction, when the wavefunction is
represented as a column vector.

(%18) Ix
1
(%08) 1 2
5 O

(%i9) Ty
%09 [ 2
5 O

(%110) 1z
0

(%010)

S D=

1
2

To calculate the average Ix magnetization from the density matrix, multiply the density matrix by the Ix matrix and take the
trace.

(%111) Ix.rhogen

avCbConjCa avCbConjCh

(%011) 2 2
avCaConjCa avCaConjCbh
2 2

mattrace is a Maxima function for calculating the trace of any square matrix.

(%112) mattrace(%)

avCbConjCa 4 avCaConjCb

%012
(7%012) 5 5

For the other two magnetization components

(%113) mattrace(ly.rhogen)

i - avCaConjCb A avCbConjCa
2 2

(%114) mattrace(Iz.rhogen)

(%013)




(%old) avCagonjCa B avaC;nij

2.2 17.1.2 Effects of pulses on the density matrix

Page 506

In Chapter 12, rules were derived for calculating the effect of an x-pulse of angle a on an individual wavefunction. This
rule is expressed in a function defined in 1spinLib.mac

For an arbitrary wavefunction defined by the coefficients ca and cb

(%115) k_psi

(%015) ( C“)
cb

(%116) psiPulseX(k_psi,a)
cos &) .-ca—i-sin(<).ch
.. a
COS (%) .cb —1-sIn (3) - ca
The rotation matrix and its inverse for rotation about the x-axis.

(%117) Rx(a)
(%o17) COS 3) —i - sin (5)
—i-sin(%) COS )
(%118) RxInv(a)
(%o018) cos(a) z-sm(E)
[ - sIn (ﬂ) COS (%)

Demonstration that Rx(a) and RxInv(a) are inverses of one another
(%119) Rx(a).RxInv(a)

(%019) <sin(%)2+cos(%)2 0 >

0 sin(%)2+cos(%)2

(%120) trigrat(%)

(%020) (1 0>
0 1



Rotation matrix and its inverse for a pi/2 pulse along the x-axis.

(%i21) Rx(%pi/2)

A L
(%021) V2 y2

2 2
(%122) RxInv(%pi/2)

L i
(%022) V2 f2
V2 W2

Calculation of the effect of a pi/2 pulse to a population represented by the general form of the density matrix.

(%123) Rx(%pi/2).rhogen

avCaConjCa _ i-avCbConjCa avCaConjCb  i-avCbConjCh

(%023) V2 V2 V2 V2
avCbConjCa _ i-avCaConjCa avCbConjCb  i-avCaConjChb

V2 V2 V2 V2

(%124) (Rx(%pi/2).rhogen).RxInv(%pi/2)

( ;. ( avCaConjCh i-avaConij) avCaConjCa _ i-avCbConjCa avCaConjCb _ i-avChConjCh i-< avCaConjCa i-avaConjCa> \
i I B - A i
(%024) V2 V2 V2 V2
l< avaCi)nij . i-avCaC;onij ) avCbConjCa _ i-avCaConjCa avCbConjCb _ i-avCaConjCh l< avaC_onjCa _ i‘avCaC;onjCa )
A - iz 5 g i
\ V2 V2 V2 V2 /

(%125) ratsimp(%)

avCaConjCa+i-avCaConjCb—i-avCbConjCa+avCbConjCh __ —iravCaConjCa—avCaConjCb—avCbConjCa+i-avCbConjChb
(%025) 2 2
—i-avCaConjCa+avCaConjCb+avCbConjCa+i-avCbConjCb avCaConjCa—i-avCaConjCb+i-avCbConjCa+avCbConjCh
2 2

Rotation matrices for pulses along the y-axis.

(%126) Ry(a)

(%026) cos(a) —sn1(5)
Shl(%) cos(%)
(%127) RyInv(a)

COS ( ) sin (

—Sﬁl(%) COS

)

N

(%027)

VN
e N
N—

(%128) Ry(a).RyInv(a)



a2 2\2
(%028) <sm(§) +cos(§) 0 2>
i )

(%129) trigrat(%)

(%029) (1 O>
0 1

The 1spinLib.mac file also includes special functions for calculating the effects of pulses on the density matrix

(%130) fundef(rhoPulseX)

(%030) rhoPulseX (p, a) := Rx (a) .p.RxInv (a)

(%131) fundef(rhoPulseY)

(%031) rhoPulseY (p, a) := Ry (a) .p.Rylnv (a)

(%132) fundef(rhoPizX)

(%032) rhoPi2X (p) := rhoPulseX (p, g)

(%133) fundef(rhoPiX)

(%033) rhoPiX (p) := rhoPulseX (p, x)

(%134) fundef(rhoPi2Y)

(%034) rthoPi2Y (p) := rhoPulseY <p, g)

(%135) fundef(rhoPiY)

(%035) rhoPiY (p) := rhoPulseY (p, )

2.3 17.1.3 Time evolution of the density matrix
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The unitary time evolution matrix and its inverse

(%136) Uh(t,nu)

(%036) (e_m 0 >

O ei-ﬂ-y-t

(%137) UhInv(t,nu)



I-m-U-t
(%037) (e _O >
0 el

(%138) Uh(t,nu).UnhInv(t,nu)

(%038) (1 0>
0 1

Calculation of the effects of time evolution on the general form of the density matrix.

(%139) Uh(t,nu).rhogen.UhInv(t,nu)

' it :
(%039) ( avCaConjCa e avCaConjCb )

e 7vt . qyCbConjCa avCbConjCbh
The 1spinLib.mac file also contains a function to calculate the time evolution of the density matrix
(%140) fundef(rhoTime)

(%040) rhoTime (p, t) := Uh (¢, v) .p.Uhlnv (¢, v)

(%141) rhoTime(rhogen,t)

/ —2-i-mvet .
(%041) ( avCaConjCa e avCaConjCb )

e 7vt . qyCbConjCa avCbConjCbh

2.4 17.1.4 Density matrix at equilibrium

The 1spinLib.mac file defines a matrix representing the equilibrium state, in terms of the Boltzmann population difference,
deltaP

(%142) rhokEq

deltaP 0
(%042) 2
0 _ delztaP

This is the simplified representation that does not include the identity matrix. The justification for deleting the identity
matrix from the representation of the equilibrium density matrix is provided below, where it is shown that the identity
matrix is unaffected by pulses or time evolution, and that the average magnetization components calculated for the
identity matrix are zero.

Rotation operators applied to the identity matrix

(%143) ident

(%043) <1 O)
0 1



(%144) Rx(a).ident.RxInv(a)

a2 2\2
(%odd) <sm(5) +cos(§) 0 >
0 sin(%)2+cos(%)2

(%145) trigrat(%)

(%045) (1 O>
0 1

(%146) Ry(a).ident.RyInv(a)

0

(%046) <sin(%)2+cos(%)2 0 >
. )2
(%147) trigrat(%)

(%047) (1 O>
0 1

Time evolution of identity matrix

(%148) Uh(t,nu).ident.UhInv(t,nu)

(%048) (1 0)
0 1

Magnetization operators applied to the identity matrix
0
(%049) |
2

(%150) Iy.ident

0 —i
(%050) ( R )
L0

(%151) Iz.1ident

<l O )
(%051) 2
0 -1

Magnetization components of identity matrix

(%149) Ix.ident

O =



(%152) mattrace(Ix.ident)

(%052) 0

(%153) mattrace(ly.ident)

(%053) 0

(%154) mattrace(Iz.ident)

(%054) 0

(%155) allMagRho(ident)

<Ix>=0<ly>=0<Iz>=0
(%055)

Magnetization components of equilibrium density matrix

(%i56) rhoEq

deltaP 0
(%056) 2
0 __deltaP

2

(%157) mattrace(Ix.rhoEq)

(%o57) O

(%158) mattrace(ly.rhoEq)
(%058) O

(%159) mattrace(Iz.rhoEq)

P
(%059) delta

(%160) allMagRho(rhoEq)

deltaP
<Ix>=0<Ily>=0<1Iz>= o

(%060)

2.5 17.1.5 Density matrix description of 1l-pulse experiment
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Starting equilibrium density matrix

(%161) rhoEq



deltaP 0
(%061) ( 2 )
0 __deltaP

2

(%162) allMagRho(rhoEq)

deltaP

<Ix>=0<Ily>=0<1Iz>=

(%062)

pi/2 y-pulse applied to the equilibrium density matrix

(%163) rho_pi2y:Ry(%pi/2).rhoEq.RyInv(%pi/2)

O deltaP
(%063) 2
deltaP 0
2

(%164) Ix.rho_pi2y

deltaP O
(%064) ( 4 )
0 deltaP

(%165) mattrace(%)

deltaP

(%065)

(%166) Iy.rho_pi2y

__i-deltaP 0
(%066) ( 3 )
0 i-deltaP

4

(%167) mattrace(%)
(%067) O
(%168) allMagRho(rho_piZ2y)

deltaP

< Ix >= <ly>=0<lIz>=0

(%068)

Time evolution following pi/2 y pulse to equilibrium state

(%169) rho_pi2y.UnhInv(t,nu)



0 e tmvt.deltaP
(%069) 2
e'mvt.deltaP 0

2

(%170) Uh(t,nu).rho_pi2y.UnhInv(t,nu)

0 e~2tmvt . deltaP
(%070) 2
2t . deltaP 0

2.

(%171) rhot:Uh(t,nu).rho_pi2y.UnhInv(t,nu)

0 e~ 2tmvt . deltaP
(%071) 2
e>imvt deltaP 0

2

(%172) Ix.rhot

erimvt.deltaP 0
(%072) 4
0 e~ 2tmvt deltaP

4

(%173) mattrace(Ix.rhot)

e2tmvt . deltaP N e~ 2imvt . deltaP
1 1

(%174) rectform(%)

(%073)

cos(2-m-v-t)-deltaP
2

(%074)

(%175) Iy.rhot

__i-e¥imvt.deltaP 0
(%0T5) 4
0 e~ 2itmvt.deltaP

4

(%176) mattrace(ly.rhot)

i+ e 2imvt . deltaP i - e2tmvt . deltaP
4 4

(%177) rectform(%)

(%076)

sin(2-x7-v-t)-deltaP
2

(%178) ;allMagRho(rhot)

(%07T)

< Iy Se COS(2°JZ'I/2'I)°d€llaP<Iy>= sin(2-7z-1/2-t)-deltaP <Iz>= 0




(%078)

2.6 17.1.6 Interpretation of the Density Matrix
Elements:“Populations” and “Coherences”
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pi/2 y pulse applied to the equilibrium density matrix

(%179) rhokEqg

deltaP 0
(%079) ( 2 )
0 __deltaP

2

(%180) rhoPi2Y(rhoEq)

0 deltaP
(%080) 2
deltaP 0
2

A second pi/2 y pulse

(%181) rhoPi2Y(%)

__deltaP 0
(%081) < 2 )
0 deltaP

2

(%182) allMagRho(%)

B deltaP

<Ix>=0<Ily>=0<lIz>= 5

(%082)

This represents a reversal of the original z-magnetization.

Relationships between complex numbers and their conjugates

(%183) declare(cl,complex)

(%083) done

(%184) conjugate(cl)

(%084) cl

(%185) declare(cZ,complex)

(%085) done



(%186) conjugate(c?)

(%086) 2

(%187) cl*conjugate(c2)

(%087) ¢l -c2

(%188) conjugate(cZ2*conjugate(cl))

(%088) ¢l -c2

pi/2 y-pulse to equilibrium density matrix

(%189) rhoPi2Y(rhoEq)

0 deltaP
(%089) 2

deltaP
> 0

pi/2 x-pulse to equilibrium density matrix

(%190) rhoPi2X(rhoEq)

0 i-deltaP
(%090) 2
__i-deltaP 0
2

Density matrix for the case of two subpopulations of equal size. Magnetization of both populations lies in transverse
plane. The magnetization of one subpopulation points along the x'-axis and the magnetization of the other subpopulation
points along the y'-axis

A wavefunction with magnetization along the x'-axis

(%191) k_1:ket(1/sqgrt(2),1/sqrt(2))

L
(%091) < ‘{2 >
2
(%192) allMagPsi(k_1)

<Ix>= %<Iy>= 0<Iz>=0

(%092)

A wavefunction with magnetization along the y'-axis

(%193) k_2:ket(1/sqrt(2),%1/sqrt(2))



B
(%093) < V2 >
V2

(%194) allMagPsi(k_2)

1
<Ix>=0<l1ly>= §<Iz>= 0

(%094)

The elements of the density matrix with equal populations of the two wavefunctions:

ave(ca x ca*) = ((1/sqgrt(2))*(1/sqrt(2))+ (1/sqrt(2))*(1/sqrt(2)))/2 = 1/2 ave(ca x cb*) = ((1/sqrt(2))*(1/sqrt(2))+
((1/sqrt(2))*(-i/sqrt(2)))/2 = (1-i)/4 ave(cb x ca*) = ((1/sqrt(2))*(1/sqrt(2))+ ((i/sqrt(2))*(1/sqrt(2)))/2 = (1+i)/4 ave(cb x cb*) =
((1/sqgrt(2))*(1/sqrt(2))+ ((i/sqrt(2))*(-i/sqrt(2)))/2 = (1+1)/4 = 1/2

(%195) rho:matrix([1/2,(1-%1)/4],[(1+%1)/4,1/2])

1 =i
(%095) < 2 4 >

1+i 1

4 2
(%196) allMagRho(rho)

1 1

<Ix>= —<ly>= —<Iz>=0
4 4

(%096)

A single wavefunction that represents magnetization pointing midway between the x'- and y'-axis can be calculated by
starting with the lalpha> wavefunction, applying a pi/2 y-pulse and then an evolution time equal to 1/8*1/nu

(%197) k_xy:psiTime(psiP12Y(Ck_a), 1/(8*nu))

(i

4

(%097) v

i
e 8

\ 2 /

)

|3

(\S]|

N

The individual elements of a matrix can be accessed by their indices, with the row specified first and the column second.

(%198) k_xy[1,1]

_im

(%098) < °
V2
(%199) k_xy[2,1]
T

(%099)

The density matrix can then be defined from the elements of the wavefunction column vector:



(%1100) rho_xy:matrix([k_xy[1,1]*conjCk_xy[1,1]),k_xy[1,1]*conjCk_xy[2,1])],
[k_xy[2,1]*conj(k_xy[1,1]),k_xy[2,1]*conjCk_xy[2,1]1)])

( i)
1 V22
(%0100) 2 2
1 i
—— —— 1
\ \/2? V2 > )

The 1spinLib.mac file contains a function to calculate the density matrix for a homogeneous population from the
wavefunction of that population.

(%1101) rho(Ck_xy)

( BRIV
1 V22
(%0101) 2 2
~+-L
NN 1
\ 2 5

(%1102) allMagRho(rho_xy)

1 1
<Ix>= —<Iy>= —<Iz>=0
23 22

(%0102)

As shown in the text, the average magnetization from the homogeneous population is greater than that of the mixed
population.

A population of three equal subpopulations with magnetization pointed along the x'-, y'- and -x'-axes.
The wavefunctions can be generated from the lalpha> wavefunction with appropriate pulses.

(%1103) k_1:psiPi2Y(k_a)

1
(%0103) ( Vf)

V2
(%1104) allMagPsi(k_1)

1
< Ix >= §<1y>= 0<Iz>=0

(%0104)

(%1105) k_2:psiPulseX(k_a,-%pi/2)

L
(%0105) ( %2>
V2

(%1106) allMagPsi(k_2)



1
<Ix>=()<[y>=-§<lz>=()

(%0106)

(%1107) k_3:psiPulseY(k_a,-%pi/2)

L
(%0107) ( Vf)
)

(%1108) allMagPsi(k_3)

1
< Ix >= —§<Iy>= 0<Iz>=0

(%0108)

Elements of the density matrix

(%1109) rholl:(k_1[1,1]*conj(k_1[1,1])+k_2[1,1]*conj(k_2[1,1])+k_3[1,1]*conj(k_3[1,1]))/3

1
%0109) —
(%0109) >

(%1110) rhol2:(k_1[1,1]*conj(Ck_1[2,1])+k_2[1,1]*conj(k_2[2,1])+k_3[1,1]*conj(k_3[2,1]))/3

[
%0110 - —
(%0110) c
(%1111) rho21:(k_1[2,1]*conj(k_1[1,1])+k_2[2,1]*conj(k_2[1,1])+k_3[2,1]*conj(k_3[1,1]))/3
I
%0111 —
(0)6

(%1112) rho22:(k_1[2,1]*conj(k_1[2,1])+k_2[2,1]*conj(k_2[2,1])+k_3[2,1]*conj(k_3[2,1]))/3

1
%0112)  —
(%0112) 5

(%1113) rho3:matrix([rholl,rhol2],[rho2l,rho22])

(%0113) ( _l_é)
3

(%1114) allMagRho(rho3)

O\lN. Mlb—l

1
<Ix>=0<1ly>= g<Iz>= 0

(%0114)

Created with wxMaxima.
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