Maxima workbook for Principles of NMR Spectroscopy
Chapter 14: NMR spectroscopy of a weakly-coupled
splin pair
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This chapter covers the effects of pulses and evolution periods on a weakly coupled spin pair.
The worksheet uses the definitions found in 2spinLib.mac. These definitions, where appropriate, assume the weak- coupling limit.

(%11) load("2spinLib.mac")

removing the $ symbol at the end of the command below and executing the command will output a list of all of the functions defined by the 2spinLib.mac
library, and the packages it loads.

(%12) functions

2 14.1 Time evolution of wavefunction
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Under the weak-coupling limit, the eigenfunctions of the Hamilton are the eigenfunctions of the 1z and Sz operators

(%13) k_aa

1
0
(%03) 0
0
(%14) k_ab
0
1
(%04) 0
0

(%15) k_bb



(%05)
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(%16) k_bb

(%006)
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The general form of the wavefunction is given, in the column vector form representing the ket, as

(%17) k_psi

caa

cab

0
(%607) cba

cbb

caa, cab, cba and cbb are the complex coefficients of the eigenfunctions of the z-operator, k_aa, k_ab, k_ba and k_bb The bra for the general form of the
wavefunction is given in row vector form as:

(%18) b_psi
(“008) (caa cab cba cbb )
In the vector representation, the time evolution of the wavefunction is expressed as a matrix, defined here as a function of t, nul,nuS and J

(%19) Uh(t,nul,nuS,J)

/e—i-n-t- (g-i-nul-i-nuS) 0 0 0 \
0 e—i-n-t- (—g+nul—nu8) 0 0
(%09)
O O e_i'ﬂ't' (_g_HUI+HUS) O

\ O O O e_i'ﬁ't' (g_HUI_HUS) /

Starting with k_psi, the wavefunction at time, t, is calculated as the product of Uh and k_psi:

(%110) Uh(t,nul,nuS,J).k_ps1i

J
/ Caa.e—z-n-t- (§+nu1+nuS) \

cab - e—i-n-t- (—g-i-nul—nuS
(%010)

o

—nul+nuS

cba-e 1T (_

\ Cbb . e_i'ﬂ'l' (g—nul—nuS) )

This expression is incorporated into the function psiTime, which requires two arguments, the starting ket and the final time value, t.

(%111) psiTime(k_psi,t)



. J
/ Caa.e—z-n-t- (§+nul+nuS) \

J
cab - e—l-ﬂ:'t- (—5+nul—nuS)

(%o011)

J
Cba . e_l"ﬂ"t' (_E_HUI+HUS)

\ Cbb‘e_i.”.t. (g—nul—nuS) /

3 14.2 Pulses

Pulses are represented as matrix multiplications. There are four matrices, for rotations of the |- and S-spins about the x'- and y'- axes.

(%112) RIx(a)

(%012)
—i- sin(g) 0 cos(g) 0
0 —7- sin(g) 0 cos(g)
(%113) RIy(a)
cos(g) 0 sin(g) 0
0 cos(g) 0 —sin(f)
(%013)
sin(g) 0 cos(g) 0
0 sin(g) 0 cos(g)
(%114) RSx(a)
cos(g) —i - sin(g) 0 0
—q- sin(g) cos(g) 0 0
(%014)

(%115) RSy(a)



(%o015)

For the rotation if the |-spin about the y'-axis, the multiplication is

(%116) RIy(a).k_psi

(%016)

The two-spin library incorporates this multiplication into a function

(%117) psiPulseYI(Ck_psi,a)

(%017)

There are also specific functions for pi/2- and pi-pulses

(%118) psiPi2Y(k_ps1i)

- cba + sin

- cbb + sin

- cba

- cbb

- caa

- cab

- cba

- cbb

- Caa

- cab




caa cab cba cbb
v AR
\2 \2
caa cab cba cbb
R
R
(%O 1 8) cba cbb caa cab
V2 R
+
RN
cba cbb caa cab
v NV
+
YR

(%119) factor(%)

caa—cab—cba+cbb
2
—caa—cab+cba+cbb
2
—caa+cab—cba+cbb
2
caa+cab+cba+cbb
2

(%019)

(%i20) psiPiY(k_psi)

cbb

—cba

0
(%020) ~cab

caa

The 2spinLib.mac library contains corresponding functions for I-pulses along the x'-axis, and S-pulses along the x'- and y'-axes.
Pulse examples

Starting with the k_aa state. The average magnetization components can all be calculated using the allMagPsi command.

(%121) allMagPsi(Ck_aa)

1 1
<Ix>=0<[y> 0<Iz>= 5<Sx>= 0<Sy>=0<S8z>= p
(%021)
Applying a pi/2-pulse along the y'-axis to the I-spin:

(%122) psiP12YI(Ck_aa)
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(%022)
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(%123) allMagPsi(%)

1
< [Ix >= §<Iy>= 0<Iz>=0<S8>= 0<§y>= O<SZ>:§

(%023)

Fig. 14.2.
Applying a pi/2 pulse along the y'-axis to the S-spin, after a pi/2 y-pulse to the | spin

(%124) psiP12YS(psiPi12YI(k_aa))

(%024)

D= N= = =

(%125) allMagPsi(%)

1
< Ix >= §<Iy>= 0<Iz>= 0<8>= 5<Sy>= 0<8z>=0

(%025)

Fig. 14.3
Applying a pi/2-pulse along the y '-axis to the I-spin of the result of the previous S-pulse

Another function in the library can be used to calculate a non-specific pi/2 y-pulse.

(%126) psiPi12Y(k_aa)

(%026)

D= Nl= = =

A pi/2 x,I-pulse

(%127) psiP12XI(Ck_aa)



(%027)

(%128) allMagPsi(psiPi2XI(k_aa))
1 |
<Ix> 0<lIly>= —5<Iz>= 0 <Sx>= 0<Sy>=0<SZ>=5

(%028)

Fig. 14.4

4 14.3 Time evolution following a selective pulse

Page 397
Apply a pi/2 y,| pulse to k_aa and call the result k_aaf

(%129) k_aal:psiPi2YI(k_aa)

(%029)

The time evolution of the wavefunction is then given by:

(%130) psiTime(k_aal,t)

J
e—z-n-t- (z+nu1+nuS)

\2
0
0
(%030) | .
e irmet (—E—nuIJrnuS)
\2
0
The time evolution of the magnetization components
(%131) allMagPsi(psiTime(k_aal,t))
cos2-mw-t-nul+zx-t-J) sin2-z7-t-nul+x-¢-J)
< Ix >= 5 <ly>= > <]Z>:0<Sx>:0<Sy>:O<SZ>:E

(%o031)

Fig. 14.5

The same manipulations, starting with k_ab



(%132) k_abl:psiPi2YI(k_ab)

0

1
\2

(%032) 0
1
\2

(%133) allMagPsi(k_abl)

1
< Ix >= 5<Iy>= 0<Iz>=0<S8>=0<Sy>= 0<8z>= —5

(%033)
Fig. 14.6
(%134) allMagPsi(psiTime(k_abl,t))
< 1o cos(2-7r-t-;1u1—7r-t-]) < fy o sin(2-7r-t-;1uI—7r-t-J) <= 0< St 0<Sy > 0< S -
(%034)

The same manipulations, starting with k_ba

(%135) k_bal:psiP12YI(k_ba)

e
I
&l -
e

(%035)

o &~ <

(%136) allMagPsi(k_bal)

1
<u>=—5<U>=0<kxwkﬂwxo<$»:0<&>=5

(%036)
Fig. 14.7
(%137) allMagPsi(psiTime(k_bal,t))
< 1o _cos(2.7z.t.;ul+7r.t.J) <hyom _sin(2.7[.t.§u1+7[.t.J) e < Sk e 0< Sy < 5 om 5
(%037)

The same manipulations starting with k_bb

(%138) k_bbl:psiP12YI(k_bb)



(%038)

(%139) allMagPsi(k_bb1)

1
< Ix >= —§<Iy>= 0<Iz>=0<85%>=0<Sy>= 0<8z>= =3

(%039)
Fig. 14.8
(%140) allMagPsi(psiTime(k_bbl,t))
< o _cos(2.7z.t.;1u1—7r.t.J)<Iy>: —Sin(z.n.t.;ul_n.t.ﬂ<]Z>=()<Sx>=0<Sy>=0<Sz>= -
(%040)

5 14.4 Time evolution following a pi/2 pulse to both spins
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We will call the wavefunctions generated by a non-selective pi/2 y-pulse k_aa2, k_ab2, k_ba2, k_bb2

(%141) k_aaZ:psiPi2Y(k_aa)

(%041)

D= Nl= = =

(%142) allMagPsi(k_aa2)

1 1
< [x >= 5<Iy>= 0<Iz>= 0<8x>= 5<Sy>= 0<8z>=0

(%042)

(%143) psiTime(k_aaZ,t)



(%144) allMagPsi(psiTime(k_aa2,t))

cosRQ-zw-t-nul—z-t-J)+cosQ-w-t-nul+x-t-J)

< [x >=

Figs. 14.9 and 14.10

4

(%043)

J
/e—i~7r~t-(5+nul+nu8) \

2

) J
e—l‘n't- —E-i-nuI—nuS

2

. J
e—z-n-t- —E—nuIJrnuS

2

sin2-7-t-mul—7w-¢t-J)+sm2-z-t-nul+x-¢-J)

<]y >=

6 14.5 Some more exotic examples

(%044)

4

<[z>= 0 < S8x>=

cos(2-m-t-nuS —7

To generate a wavefunction with the I-magnetization aligned with the x'-axis and the S-magnetization half-way between the z- and x'axis, we apply two pulses

to a starting k_aa state
First is a pi/4 y,S pulse

(%145) k_aa3:psiPulseYS(k_aa,%p/4)

Then a pi/2 y,| pulse

(%146) k_aa4:psiPi2YI(k_aa3)

(%045) Sm(

(%046)




(%147) allMagPsi(k_aa4)

Fig. 14.11

< Ix >= 5<Iy>= 0<Iz>= 0<8x>=

The evolution of the resulting wavefunction

(%148) psiTime(k_aa4,t)

(%048)

(%149) allMagPsi(psiTime(k_aa4,t))

2-cos(2-n-t-nul—n-t-J)+2-cos(2-7t-t-nuI+rc-t-J)—cos(

. [ %p
SNy —

(%047)

%op . J
/ COS(?)-e 1-7r-t-(§+nul+nuS) \

\2

sin ( (y%p ) Lo bt (—§+nul—nuS)
\/5

cos ( ‘V%p ) e bl (‘%-nul+nu8)
\2

Sin(()/%p ) Lo brmet (——nuI—nuS)

4

<Sy>= 0< S8z >=

%p4-7r-t-J+8-7r-t-nuI) (
— COS

Yop—4-mw-t-J+8 -m-t-nul

4

o

—%p+4-mw-t-J+8-7w-t-nul

4

)+c0

< [x >=

Figs. 14.12 and 14.13

8

(%049)

This can be reconciled with the result shown in the text by showing that cos(pi/8)*2 = (sqrt(2)+1)/(2*sqrt(2)) and that sin(pi/8)"2 = (sqrt(2)-1)/(2*sqrt(2))

(%150) cos(%pi1/8)A2

(%151) trigrat(%)

(%152) sin(%pi/8)A2

(%153) trigrat(%)

T \2
(%050) cos(g)

2+42

(%051)

T \2
(%052) sin(g)



\2-2

(%053) -

The more general case:
Rotation of the S-spin by a rad from the z-axis, followed by rotation of the I-spin to the x'-axis

(%154) k_aa5:psiPi2YI(psiPulseYS(Ck_aa,a))

(%054)

(%155) allMagPsi(k_aa5)

sin(a) < Sy 0< S5 cos(a)

< Ix >= 5<Iy>= 0<Iz>= 0< 8 >=

(%055)

Time evolution of wavefunction

(%156) psiTime(k_aa5,t)

J
/ cos (; ) Lo bmt (E+nul+nuS) \

a _ _J —
sm(z)-e z-n-t-( 5+nul nuS)

\/5

4 —i — 2 nul+nus
cos 5 e 1-m-t- 3 nul +nu

(%056)

Time evolution of <Ix>

(%157) meanPsi(Ix,psiTime(k_aa5,t))

2:cos2-mw-t-nul—7w-t-J)y—cos(2Q-w-t-nul—nw-t-J—a)—cosQRQ-mw-t-nul—7z-t-J+a)+2-cosRR -mw-t-nul+x-t-J)+cosRQ-zw-t-nul+x-t-J—a)
8

(%057)

In this case, the simplification rules within the meanPsi function lead to an "over simplification", combining the term related to the initial rotation angle, a, with
the time evolution terms. To obtain the result shown in the text, we first do the calculation explicitly, without any simplification:



(%158) k_aa5t:psiTime(k_aa5,t)

a . J
/ COS(E)'e l-n-t-(EJrnuIJrnuS) \

\2

a4 —i ~Z 4 nul-nuS
sin 5 e -t 5 nul—nu

\/5

a . S
COS(E)-e z‘n-t-( 3 nuI+nuS)

(%058)

(%159) bra(k_aa5t).Ix.k_aa5t

a\2 . J\ . J a\2 . AN J a\2 . 7\ J
COS 5 el Tt nuS+nul+3 | —i-z-¢- | —5—nul+nuS COS 5 Lol et nuS—nul—5 | =i-z-¢- | 7 +nul+nuS sin 5 el Tt —nuS+nul—3 ) —i-z-¢- | 5 —nul-n

(%059) + +
4 4 4

The complex exponential terms can then be converted to trigonometric forms, using the Maxima demoivre function, which is based on the formula of Abraham
de Moivre: (cos x + i sin x)"n = cos (nx) + i sin (nx), where x is a real number and n is an integer.

(%160) demoivre(%)

a \2 J J , J J a \2 J
COS 5] cos|zm-t- 5+nul+nuS -7t —5—nu1+nuS +i-sin|z-t- §+nul+nuS -t~ —5—nul+nuS CcoS 5] cos|m-¢- 3

%060 N
(%0060) 2

Algebraic simplification gives:

(%161) ratsimp(%)

2 2
sin g) -cos(2-n-t-nuI—n-t-J)Jrcos(g) ccosQ-m-t-nul+xm-t-J)

(%061) .

This result can then be converted to the version shown in the text with these trigonometric identities:

(%162) cos(a/2)N2

a\2
(%062) cos(g )
(%163) trigreduce(%)
1 + cos(a)

(%063)

(%164) sin(a/2)N2

a\2
(%064) sin ( 5 )

(%165) trigreduce(%)



(%065) ﬂ

7/ 14.6 Effects of pulses and evolution on spin-spin correlations
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Individual correlations are calculated by applying the operators formed as products of the appropriate magnetization operators. For instance, the correlation
between the z-magnetization of the | and S spins is calculated from the 1zSz product operator

(%166) Iz.Sz

1
2 0 0 0
1
0 3 0 0
(%066) {
0 0 —3 0
0 0 0 !
4
This operator is also defined explicitly in the 2spinLib.mac library
(%167) 1zSz
1 0 0 0
4
1
0 - 1 0 0
(%067) {
0O 0 - 1 0
0 0 0 1
4

To calculate the 1z-Sz correlation for the lalpha alpha> wavefunction

(%168) b_aa.IzSz.k_aa
(%068) :
00 4
The 2spinLib.mac library includes a function to calculate all nine of the possible correlations from a wavefunction
(%169) allCorrPsi(k_aa)

1
<DSx>= 0<IxSy>= 0<IxSz2>= 0<DSx>= 0< DSy >= 0 < IySz>= 0 < [z8x >= 0 < 2§y >= 0 < 28z >= 1
(%069)
Applying a pi/2 y,| pulse to lalpha alpha>

(%170) psiPi2YI(k_aa)



\
"

o Hl- o %l-

(%070)

—
Se—

All of the magnetization components for the resulting wavefunction

(%171) allMagPsi(psiPi2YI(Ck_aa))

1
<h>=§<@>=0<k>=0<&>=0<&>=0<&>=5

(%071)

All of the correlations for the resulting wavefunction

(%172) allCorrPsi(psiPi2YI(k_aa))

1
<IxSx >= 0 < IxSy >= 0 < IxSz >= 1 <DSx>=0<DSy>=0<DSz>= 0<[z5x>= 0<[zSy>= 0<[z5z>= 0

(%072)

7.1 14.6.1 Correlation vector diagrams

The wavefunction Ipsi1>, from Chapter 13

(%173) k_psil:(k_ab+k_ba)/sqgrt(2)

(%073)

The average magnetization components when measured for k_psi1

(%174) allMagPsi(Ck_psil)
<> 0<h>0<Iz>0<Sx>0<Sy>0<85z>=0

(%074)

The correlations for k_psit
(%175) allCorrPsi(k_psil)
1 1 1
< IxSx >= 1 <IxSy >= 0 < IxSz >= 0 <IySx >= 0 < IySy >= 2 <DSz>= 0<Iz85x>= 0<Iz8y >= 0 < [z§z2 >= - 2

(%075)

Fig. 14.16
Applying a pi/2 y,| pulse to k_psi1

(%176) allMagPsi(psiPi2YI(k_psil))



<> 0<[>0<[z>0<Sx>=0<Sy>0<8z>= 0

(%076)

There are still no observable magnetization components.
The correlations after the pulse
(%177) allCorrPsi(psiPi2YI(k_psil))
<IxSx >= 0 < IxSy >= 0 < IxSz >= - ;‘ <IySx >= 0 < IySy >= i <IySz>= 0 < [z85x >= — i <Iz§y >= 0<[z82>= 0

(%077)

Fig. 14.17

The IxSx correlation is converted to a negative 1zSx correlation The lySy correlation is unaffected The 1zSz correlation is converted to a negative IxSz
correlation

7.2 14.6.2 Time evolution of correlations

Start with the state generated by applying a pi/2 y,| pulse to k_aa. The resulting wavefunction was previously defined as k_aa1

(%178) k_aal

(%078)

(%179) allMagPsi(k_aal)

1 1
Shi>= o <ly>=0<[>= 0<Sx>=0<Sy>=0<82>= -
(%079)

The wavefunction after allowing the previous wavefunction to evolve for time, t:

(%180) k_aalt:psiTime(k_aal,t)

J
e—z‘n-t‘ (z-l-nul-i-nuS)

\2
0
0
(%080) | .
e—z-n-t- (—5—nu1+nuS)
\2
0
The average magnetization components after time, t:
(%181) allMagPsi(Ck_aalt)
cos(2-m-t-nul+mx-¢t-J) sin2-x7-t-nul+x-¢-J)
< [x >= 5 < [y >= 5 <IZ>=O<Sx>=O<Sy>=O<SZ>=E

(%081)



The average correlations after time, t:

(%182) allCorrPsi(Ck_aalt)

cos2-m-t-nul+mx-¢t-J) sin2-x-¢t-nul+x-¢-J)
< IxSx >= 0 < IxSy >= 0 < IxSz >= 1 <IySx >= 0 < Sy >= 0 < DSz >= 1 <IzS8x>= 0<Iz§8y >= 0<Iz§5z2>= 0

(%082)

Fig. 14.18

Evolution of correlations after a non-selective pi/2 y pulse. The wavefunction immediately after the pulse was defined as k_aa2

(%183) k_aaz

(%083)

Nl— N~ N — o —

Magnetization components after the pulse

(%184) allMagPsi(k_aa2)

< Ix >= 5<Iy>= 0<Iz>= 0<S8x>= §<Sy>= 0<Sz>= 0

(%084)

Correlations after the pulse

(%185) allCorrPsi(Ck_aa2)

1
< IxSx >= 2 <IxSy>= 0<ISz>= 0<DSx>= 0<DSy>= 0<DSz>= 0<[z5x>= 0 < [zSy>= 0 < [z5z>= 0

(%085)

The time-dependent wavefunction after the pulse

(%1806) k_aaz2t:psiTime(k_aaZ,t)

J
/ —i-m-t- (—+nuI+nuS) \
e 2

2

J
—i-m-t- (——+nuI—nuS)
e 2

2

(%086) e_l_w(_g_numus)

2

. J
e—z-n-t- (5 nul nuS)
\ >

Set nul and nuS to zero, corresponding to matching the rotating frame frequencies. The time-dependent wavefunction under this assumption will be called




k_aa2tNuO

(%187) k_aa2tNu@:subst([nul=0,nuS=0],k_aaZt)

e 2
2
iemw-t-J
e 2
2
(%0087) Pweted
e 2
2
iemet-J
e 2
2
(%188) allMagPsi(k_aa2tNu@)
cos(mw - ¢ - cos(mw - ¢ -
< Ix >= (2 J)<Iy>=O<IZ>=O<Sx>= (2 J)<Sy>=O<SZ>=O
(%088)
Fig. 14.19
(%189) allCorrPsi(k_aa2tNu®)
1 sin(r - ¢ - J) sin(z - ¢ - J)
< IxSx >= 1 <IxSy>= 0<IxSz>= 0 < IySx >= 0 < DSy >= 0 < [ySz >= y < [z8x >= 0 < [z§y >= 1 <[z8z>= 0
(%089)
Fig. 14.20
Without constraining nul=0 and nuS=0
(%190) allMagPsi(k_aa2t)
cos-mw-t-nul—zw-t-J)y+cos(2-w-t-nul+mx-¢t-J) sin2-7-t-nul—xw-¢t-J)+sm2-z-t-nul+x-¢-J) cos(2-m-t-nuS—7
< Ix >= 1 <[y>: 1 <Jz>= 0 < Sx >=
(%090)
(%191) allCorrPsi(k_aa2t)
cos2Q-w-t-nuS—2 -xw-¢t-nul)+cos(2-w-¢t-nuS+2- 71t nul) sin2-7-t-nmuS—2-x7-¢t-nul)+sin2-7-¢-nuS+2-x-¢-nul) C
< IxSx >= g < IxSy >= g < xSz >= -
(%091)

These are in a different trigonometric form than shown in the text, but can be converted using the trigexpand command. IxSx

(%192) meanPsi1(IxSx,k_aaZt)

cos(2-m-t-nmuS—2-mw-¢t-nul)+cos(2-m-¢-nuS+2-x-¢-nul)
8

(%092)

(%193) trigexpand(%)

cos(2-zm-t-nul)-cos(2-x-t-nuS)
4

(%093)

IXSy



(%194) meanPsi(IxSy,k_aa2t)

sin2-7-¢t-nuS—2-7-¢t-nul)+sin(2-x7-¢t-nuS+2-x-¢-nul)

(%094) :
(%195) trigexpand(%)
cos(2-m-¢t-nul):sin(2-x-¢-nuS
(%095) ( )4 ( )
lySx
(%196) meanPsi(IySx,k_aa2t)
%096) sin2-7-t-nuS+2-7-¢-nul)—sin-7-¢-nuS—2 -7 ¢ nul)
8
(%197) trigexpand(%)
sin(2-z-¢-nul)-cos(2-x-¢-nuS
(%097) ( )4 ( )
lySy
(%198) meanPsi(IySy,k_aa2t)
%095) cos(2-m-t-nuS+2 7t nul)~cos(2 -7 nuS—2- 7t nul)
8
(%199) trigexpand(%)
sin(2-x-¢-nul)-sin(2-7x-¢-nuS
(%099) ( )4 ( )
lySz
(%1100) meanPsi(IySz,k_aa2t)
%0100) ﬁmQWPtmm+n-rD;ﬁm2mﬁﬁnd—anh
(%1101) trigexpand(%)
sin(z-t-J)-cos(2-m-t-nul
(%0101) ( i 4( )
1zSy
(%1102) meanPsi(IzSy,k_aa2t)
@wum)sm@-nw-ms+n4~ﬂ—mm24pzqms—n¢-ﬂ

8
(%1103) trigexpand(%)

sin(z - ¢t-J)-cos(2-m-t-nuS)
4

(%0103)

/7.3 14.6.3 Multiple quantum coherence and some nomenclature
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The form of the average correlations shown in Eq. 14.41 are the ones directly produced by the allCorrPsi command.

(%1104) allCorrPsi(k_aaZt)



cos(2-m-t-nmuS—2-7w-¢t-nul)+cos(2-w-¢t-nuS+2-x-¢-nul) sin2-7-¢t-nmuS—2-7w-¢t-nul)+sin2-7-¢-nuS+2-7-¢-nul) C
< IxSx >= 2 < IxSy >= . < xSz >= -

(%0104)
8 14.7 Some demonstration experiments
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8.1 14.7.1 Experiment 1

Start with a selective pi/2 y-pulse to the | spin, starting from the k_aa state.

(%1105) k_explaa:psiP12YS(k_aa)

—
Sl - %l -
"

(%0105)

o O

(%1106) allMagPsi(k_explaa)

1 1
<Ix>=0<ly> 0<[z>= §<Sx>= §<Sy>= 0<8z>=0

(%0106)

Time evolution of the magnetization components immediately after the pulse, with nul and nuS set to zero in the rotating frame

(%1107) allMagPsi(psiTime(k_explaa,t))

1 cosQ-mw-t-nuS+mx-t-J) sin(2-z7-t-nuS+mx-t-J)
<k>=0<@>=0<k>=5<&>= 5 < Sy >= 5 <8z>=0
(%0107)

Introducing a delay of tau=1/(2J)

(%1108) k_explaal:subst([nul=0,nuS=0],psiTime(k_explaa,l1/(2*1)))

N2 A2

(%0108) | 2 2

Magnetization after the delay

(%1109) allMagPsi(k_explaa2)

1 1
<Ix>=0<ly> 0<[z>= §<Sx>= 0<Sy>= 5<SZ>= 0



(%0109)

Time evolution of magnetization after the delay

(%1110) allMagPsi(psiTime(k_explaaZ,t))

1 sin(2-z7-t-nuS+mx-t-J) cos(Q-mw-t-nuS+mx-t-J)
<Ix>=0<[y>=0<]z>=5<Sx>= — 5 < Sy >= 5 <Sz>= 0
(%0110)

Note the phase difference between this result and the one without the tau=1/(2J) delay.
From the initial k_ba state

(%1111) k_explba:psiP12YS(k_ba)

(%o0111) \/_

(%1112) allMagPsi(k_explba)

| 1
<Ix>=0<[ly>= 0<Iz>= —5<Sx>= 5<Sy>= 0<8z>=0

(%0112)

Time evolution of magnetization components immediately after the pulse to k_ba

(%1113) allMagPsi(psiTime(Ck_explba,t))

cos(Q-mw-t-nuS—mw-t-J) sin(2-7-t-nuS—m-¢-J)
<Ik>=0<Ily>= 0<Iz>= —5<Sx>= 5 < Sy >= 5 <Sz>= 0
(%0113)

Introducing a delay of tau=1/(2J)

(%1114) k_explbaZ:subst([nul=0,nuS=0],psiTime(k_explba,1/(2*]1)))

(%0114) \/5

magnetization components after the delay

(%1115) allMagPsi(k_explba2)

1
<Ix>=0<ly> 0<[z>= —§<Sx>= 0<Sy>= —E<SZ>: 0



(%0115)

Time evolution of magnetization components after the delay

(%1116) allMagPsi(psiTime(k_explba2,t))

1 sin(2-7-t-nuS—m-t-J) cos(Q-w-t-nuS—mw-t-J)
Shi>=0<ly>= 0<lz>= =2 <Sc>= 5 <Sy>= - 5 <8z>= 0
(%0116)

These components represent the second S-frequency and are opposite in sign from those that are generated from the k_aa state.

8.2 14.7.2 Experiment 2
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With the delay time, tau, set to zero, this experiment represents a non-selective pi/2 y-pulse, followed by data acquisition. When applied to the k_aa state, the
results are:

(%1117) k_expZaa:psiPi2Y(k_aa)

1
2
1
2
(%ol17) | |
2
1
2
The time evolution of magnetization after the pulse
(%1118) allMagPsi(psiTime(k_expZaa,t))
cosQ-mw-t-nul—z-t-J)+cosQ-wr-t-nul+x-t-J) sm2-7-t-nul—-7-t-J)y+sm2-zw-¢t-nul+x-1-J) cos(2-m-t-nuS —7
< Ix >= <ly>= <Iz>= 0<8x>=
4 4
(%0118)

As discussed earlier in the chapter, this represents evolution with two frequencies, separated by J. The other three starting eigenstates will also each give rise
to two frequencies, but with different signs of the amplitudes.

With tau=1/(2J), the experiment consists of a pi/2 y,S pulse, the delay period, a pi/2 y,| pulse, and then the data acquisition period. For analyzing the effects on
each of the four starting eigenstates, it is useful to define a function to carryout all of the manipulations of a given starting state. The function can be defined
by nesting the functions for each of the individual steps. The values of nul and nuS are set to zero in the rotating frame.

(%1119) psikExp2(k):=psiP12YI(subst([nul=0,nuS=0],psiTime(psiP12YS(k),1/(2*1))))

1
(%0119) psiExp2(k):=psiPi2YI (subst([nul = 0, nuS = 0], psiTime (psiPi2YS(k), 2_J )))

Starting with k_aa

(%1120) k_expZ2aal:psikExp2(k_aa)



(%1121) allMagPsi(Ck_exp2aa2)

(%0120) 1

<h>:5<@>=0<k>=0<&>=0<5y>:§<&>=0

(%0121)
Fig. 14.23
(%1122) allMagPsi(psiTime(k_exp2aa2,t))
< 7eoe cosRQ-mw-t-nul—z-t-J)+cosQ-w-t-nul+x-t-J) <o sm2-7-t-nul—-z7-t-J)y+sm2-7-¢t-nul+x-¢-J)
e 4 o 4
(%0122)
Starting with k_ab
(%1123) k_exp2ab?2:psiExp2(k_ab)
/ 1 i \
22
2
1 i
NERE
2
(%0123) O
22
2
1 i
NERE
2

(%1124) allMagPsi(k_exp2ab2)

Fig. 14.24

|
< Ix >= 5<Iy>= 0<Iz>= 0<S8x>= 0<Sy>= —5<SZ>: 0

(%0124)

sin(2 - - ¢t-nus -




(%1125) allMagPsi(psiTime(Ck_exp2ab2,t))

cos-mw-t-nul—7w-t-J)y+cos(2-w-¢t-nul+mx-¢t-J) sm2-7-t-nmul-z7-¢t-J)+smQ2-7-t-nul+xz-¢-
< [x >= 1 <[y>=

1 <[z>= 0 < 8x>=

sin(2-m-¢t-nuS—x

(%0125)
Starting with k_ba

(%1126) k_expZbaZ:psiExp2(k_ba)

(%0126)

(%1127) allMagPsi(k_expZba2)

1
<Ix >= —5<Iy>= 0<Iz>0<85&>=0<8y> —=-<82>=0

(%0127)
Fig. 14.24
(%1128) allMagPsi(psiTime(k_expZ2ba2,t))
cos2-m-t-nul—mw-¢t-J)y+cos(2-w-t-nul+mx-¢t-J) sin2-7-t-nul—z-t-J)+sin2-7-¢t-nul+x-¢- sin(2 - - ¢ nu
< Ix > - <ly>= - <Iz>= 0< 8 >=
4 4
(%0128)

Starting from k_bb

(%1129) k_exp2bb2:psiExp2(k_bb)



(%1130) allMagPsi(k_exp2Zbb2)

Fig. 14.24

(%0129) 1

<&>=—§<b»=0<kxwkﬁwzo<&»=5<&>=0

(%1131) allMagPsi(psiTime(k_exp2bb2,t))

< x>= —

cosRQ-w-t-nul—z-t-J)+cosQ-w-t-nul+x-1-J)

4

<]y>: —

(%0130)

sin2-z-t-mul—z7-¢t-J)+sm2-z-t-nul+x-¢-J)

(%o0131)

4

<[Iz>= 0<8x>=

sin(2-m-¢-

The relative populations starting in the k_aa, k_ab, k_ba and k_bb states are given in terms of the Deltal and DeltaS equilibrium population differences as:

(%1132) faa:(1+ deltaPI+deltaPS)/4

(%1133) fab:(1+deltaPI-deltaPS)/4

(%1134) fba:(1-deltaPI+deltaPS)/4

(%1135) fbb:(1-deltaPI-deltaPS)/4

(%0132)

(%0133)

(%0134)

(%0135)

Check to make sure that the sum of the fractional populations is 1

(%1136) faa+fab+fba+fbb

(%1137)

(%0136)

ratsimp(%)

1 + deltaPI + deltaPS

1 — deltaPI + deltaPS

1 + deltaPI + deltaPS
4

1 + deltaPI — deltaPS
4

1 — deltaPI + deltaPS
4

1 — deltaPI — deltaPS
4

1 + deltaPI — deltaPS

1 — deltaPI — deltaPS

4

_|_

4

(

+

%0137) 1

4

+

4



From the earlier calculations, the initial Sy magnetization components from the wavefunctions that begin in the four eigenstates are:

from k_aa: 1/2 from k_ab: -1/2 from k_ba: -1/2 from k_bb: 1/2
The net Sy magnetization after the second pulse is then:

(%1138) faa*(1/2)+fab*(-1/2) + fba*(-1/2) +fbb*(1/2)

1 + deltaPI + deltaPS 1 — deltaPI + deltaPS 1 + deltaPI — deltaPS N 1 — deltaPI — deltaPS

%0138
(700138) 8 8 8 8

(%1139) ratsimp(%)
(%0139) 0

8.3 14.7.3 Experiment 3
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Starting with k_aa, with the delay time, tau, equal to 0. This corresponds to a nonselective pi/2 y pulse, followed immediately by a selective pulse to the | spin.

(%1140) k_exp3aa:psiP12YI(psiPi2Y(k_aa))

0
0
(%0140) j%
1
\2

(%1141) allMagPsi(k_exp3aa)

1 1
Sk>=0<ly>=0<>= -2 <S>= _<S§>=0<5>=0

(%0141)
Time evolution of magnetization immediately after the pulses.
(%1142) allMagPsi(psiTime(k_exp3aa,t))
Che— 0<ly>— 0 <l —%<Sx>= cos(2-7r-t-;1uS—7r-t-ﬂ < 5y sin(2-7r-t-121uS—7r-t-ﬂ < oo 0
(%0142)

Fig. 14.25

The other frequency will be produced by the excess of k_ba over k_bb at equilibrium.

The effects on the population starting from k_aa, with the delay time set to tau=1/(2J).
After the initial pulse and the delay period:

(%1143) k_exp3aal:subst([nul=0,nuS=0],psiTime(psiPi2Y(k_aa),1/(2*1)))



(%o0143) | |

N2 A2

(%1144) allMagPsi(k_exp3aa2)

<> 0<y>0<[z>0<Sx>=0<Sy> 0<8z>= 0

(%0144)

There are no observable magnetization components at this point, but there are correlations:

(%1145) allCorrPsi(k_exp3aa2)

1 1 1
< IxSx >= 1 <IxSy>= 0<IxSz>= 0 < [ySx >= 0 < DSy >= 0 < [ySz >= 2 < Iz8x >= 0 < Iz§y >= 1 <Iz§z>= 0

(%0145)
Figs. 14.26 and 14.28
The second pulse, pi/2 y applied only to the I-spin
(%1146) k_exp3aa3:psiPi2YI(k_exp3aa2)
1 i 1 i
VN2 N2 A2
3 3
23 27
1 i 1 i
VRN N A2
3 3
23 27
(%01406) 1 1
PR
3 + 3
23 27

(%1147) allMagPsi(k_exp3aa3)

<> 0<>0<[z>0<Sx>=0<Sy> 0<8z>= 0

(%0147)



There are still no magnetization components, but the correlations have been altered:

(%1148) allCorrPsi(k_exp3aa3)

1 1 1
< IxSx >= 0 < IxSy >= y <IxSz>= 0<IySx >= 0 < [ySy >= 0 < Sz >= 2 < Iz8x >= — 1 <Iz8y >= 0<[z82>= 0

(%0148)
Figs. 14.27 and 14.29
The time evolution after the second pulse
(%1149) allMagPsi(psiTime(k_exp3aa3,t))
sin2-z7-t-nul+z-¢t-J)—smQ2-7-t-nul—x-1-J) cosQ-zw-t-nul+zx-t-J)—cosQ-w-t-nul—7x-1t-J) cos(2-m-t-nu
<Ix>= — <ly>= <Iz>= 0<Sx>= —
4 4
(%0149)

To handle the other three starting states, it is convenient, again to define a function. This time, we will include in the definition a variable for the time delay, so
that the results with or without the results can be calculated easily.

(%1150) psiExp3(k,tau):=psiPi2YI(subst([nul=0,nuS=0],psiTime(psiP12Y(k),tau)))

(%0150) psiExp3(k, 7):=psiPi2YI(subst([nul = 0, nuS = 0], psiTime(psiPi2Y (k), 7)))

Check this by recalculating the results for k_aa, with tau=0 and tau=1/(2J)

(%1151) psikExp3(k_aa,0)

0
0
(%0151) %
1
\2

(%1152) allMagPsi(%)
1 1
<k>0<ly> 0<I[z>= —5<Sx>= §<Sy>= 0<8z>=0

(%0152)

(%1153) psikExp3(k_aa,1/(2*1))



23 27
1 i 1 i
— + —  —
N2 A2 A2 A2

3 3

23 27
@ots3) | 7, T,
— + — — e —
N2 A2 A2 A2

T 3

23 27
1 1
— + —  —
N2 A2 A2 A2

T 3

23 27

(%1154) allMagPsi(%)

<Ix>=0<ly>0<I2>=0<85>=0<85>0<8z>=0

(%0154)

(%1155) allCorrPsi(psikExp3(k_aa,1/(2*31)))

1 1 1
< IxSx >= 0 < IxSy >= 1 <IxSz>= 0<DSx>= 0 < IySy >= 0 < Sz >= 1 < [z8x >= — 1 <IzS8y>= 0<1z§8z2>= 0

(%0155)

(%1156) allMagPsi(psiTime(psikExp3(k_aa,1/(2*1)),t))

< Iy om _Sin(Z-n-t-nuI-Fn'-t.J);Sin(Z-n-t.nul—n'.t.J) <y e Cos(z.ﬂ.t.nuIJr;r.t.J);COS(z.n.t.nul_ﬂ.t.J) e 0o o _cos(2-7r-t-m
(%0156)

Starting with k_ab

(%1157) psiExp3(k_ab,1/(2*1))



23 27
1 N i 1 i
N2 A2 A2 A2
3 3
27 23
(%0157) 2 2
IR
N2 A2 A2 A2
- 3 3
27 23
1 1
_+_  —
N2 A2 A2 A2
T 3
23 27

(%1158) allMagPsi(psiTime(%,t))

sin2-z7-t-nul+z-¢t-J)—smQ2-7-t-nul—x-1-J)

cosQ-zw-t-nul+zx-t-J)—cosQ-w-t-nul—7x-1t-J)

< x>= — 1 < ]y >=
(%0158)
Starting with k_ba
(%1159) psikExp3(k_ba,1/(2*1))
1 i 1 i
2N A2
o 3 3
25 23
1 i 1 i
2N A2
) 2z ) 23
(%0159) T
vR N
3 3
23 25
1 i 1 i
N R
3 3
23 25

(%1160) allMagPsi(psiTime(%,t))

sn2-7-t-nul+z-¢t-J)y—smQ2-7-t-nul—x-1-J)

4

cosQ-zw-t-nul+zx-t-J)—cosQ-w-t-nul—7x-1-J)

< [x >= < [y >= —
X 1 'y
(%0160)

Starting with k_bb

(%1161) psiExp3(Ck_bb,1/(2*]1))

4

<Iz> 0<8x>=

<[z>= 0<S8x>=

cos(2 - - t-nuS

cos(2-m-t-nuS




1 i 1 i
v RN
3 + 3
23 23
I W
SRR
- 3 3
23 22
(%0161) 1 1
A
3 3
23 23
1 i 1 ;
A
3 3
23 23
(%1162) allMagPsi(psiTime(%,t))
sn2-7-t-nul+z-t-J)y—smQ2-7-t-nul—x-1-J) cosQ-zw-t-nul+zx-t-J)—cosQ-w-t-nul—7x-1t-J) cos(2-m-t-nu
< [Ix >= 1 <ly>= -— 1 <[z>=0<Sx>= -
(%0162)

To add up contributions from all four starting states, assign the expressions for the time-dependent Sy components to some variables

(%1163) Sy_aa:-(sin(2*%¥pi*t*nuS+%pi*t*])-sin(2*%¥pi*t*nuS-%pi*t*]))/4

%0163) sin2-wr-t-nmuS—xw-¢t-J)—sm@2 -x-¢t-nuS+x-t-J)
4
(%1164) Sy_ab:(sin(2*¥pi*t*nuS+%pi*t*])-sin(2*%¥pi*t*nuS-%pi*t*]1))/4
%o164) sin2-7-t-nmuS+x-t-J)y—sin2-w-t-nuS—mxw-¢t-J)
4
(%1165) Sy_ba:(sin(2*%pi*t*nuS+¥bpi*t*])-sin(2*%pi*t*nuS-%pi*t*]))/4
%0165) snm2-7r-t-nmuS+x-¢t-J)y—sin2-x-¢t-nuS—xz-¢t-J)
4
(%1166) Sy_bb:-(sin(2*%¥pi*t*nuS+%pi*t*])-sin(2*%¥pi*t*nuS-%pi*t*]))/4
sin2-wr-t-nmuS—xw-¢t-J)—sm@2 -x-¢t-nuS+x-t-J)

(%0166) y

These components are weighted by the fractions of the populations corresponding to each initial state

(%1167) faa*Sy_aa + fab*Sy_ab + fba*Sy_ba + fbb*Sy_bb

(1—deltaPI+deltaPS)-(sin(2-7r-t-nuS+7r-t-J)—sin(2-7r-t-nuS—n-t-J))+(1+deltaPI—deltaPS)-(sin(2-n-t-nuS+7t-t-J)—sin(2-n-t-nuS—n-
16 16

(%0167)

(%1168) ratsimp(%)
(%0168) 0

The net magnetization components cancel out.
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