Chapter 18. Basis set for the density matrix
and the product operator formalism..
Part 1. Single-spin populations
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Chapter 18 introduces the idea of using a basis set composed of operator matrices to represent the density matrix. The first section deals with a population of
isolated spins, without scalar coupling, whereas the rest of the chapter deals with a population of weakly-coupled spin pairs. Because separate Maxima
libraries (1spinLib.mac and 2spinLib.mac) are used for the two kinds of systems, separate workbooks are provided for the two parts of Chapter 17

The library used previously for quantum mechanical calculations for individual, uncoupled spins also contains functions for density matrix calculations for
populations of uncoupled spins. Functions with names beginning with "psi" are generally used for wavefunction calculations, whereas function names
beginning with "rho" are associated with density matrix calculations.

--> load("1spinLib.mac™)

2 18.1 A basis set for a single-spin population
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The operator matrices for the x-, y- and z-magnetization components for isolated spin-1/2 nuclei.

--> Ix
o0 1L
(%02) 1 2
> 0
--> ly
(%03) 2
L 0
--> 1z
0
(%04) 2
0 -

The operator matrices are orthogonal, which is shown by demonstrating that the trace of each pair-wise product is zero.

--> mattrace(Ix.Iy)

(%05) 0



--> mattrace(Ix.Iz)

(%06) O

--> mattrace(ly.Iz)

(%07) O

The fourth matrix making up the basis set is the identity matrix

--> 1dent

(%08) (1 O>
0 1

The identity matrix is also orthogonal to all of the operator matrices

--> mattrace(ident.Ix)

(%09) O

--> mattrace(ident.Ily)

(%010) O

--> mattrace(ident.Iz)

(%011) O

2.1 18.1.1 Magnetization components
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Define an arbitrary density matrix as a linear combination of Ix, ly, 1z and the identity matrix

--> rhol:cx*Ix+cy*Iy+cz*Iz+cl*ident

Syl &9
(%012) 2 2 2
1-cy

cXx (674
5 t3 -3

The 1spinLib.mac file defines a function, opBasisRep, that takes an arbitrary density matrix and prints it as the linear combination.

--> opBasisRep(rhol)

(cx) x Ix + (cy) * 1y + (cz) %Iz
(%013)

Note that the representation does not include a component representing the identity matrix. This is because, the identity matrix component does not contribute
to any observable measurement, as shown later in the chapter.

Calculate the x-magnetization for the density matrix

--> Ix.rhol
( cx , bey cz \
Tt cl-7
(%014) 2 2_
cz cx rcy
cl+7 7"
\ > 2 )

(%015) 222+2 2



--> ratsimp(%)

CX

(%016)

All of the magnetization components can be calculated using the allMagRho command in 1spinLib.mac

--> allMagRho(rhol)

< Ix >= C—2x<ly>=

(%017)

cy

(074
<lz>= —
2

The magnetization components are simply the coefficients divided by two.

2.2 18.1.2 Pulses
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The rotation matrices for a pulse along the x'-axis

--> Rx(a)

(%018)

--> RxInv(a)

(%019)

- sin (ﬂ)

-

COS (

sin (§

)

)

An x-pulse of angle a applied to the density matrix represented as a linear combination of Ix, ly, 1z and the identity matrix

--> Rx(a).rhol.RxInv(a)

(%020)

--> trigrat(%)

2-cl+sin(a)-cy+cos(a)-cz

(%021)

2

_ i-(sin(a)-cz—cos(a)-cy)—cx

2

cx+i-(sin(a)-cz—cos(a)-cy)

2

=2l +sin(a)-cy+cos(a)-cz

2

The opBasisRep function can be used to show the basis representation after the pulse

--> opBasisRep(Rx(a).rhol.RxInv(a))

(cx) * Ix + (cos(a)-cy—sin(a)-cz) x1Iy + (cos(a) - cz+ sin(a) - cy) * Iz

(%022)

For just the Ix component

--> Rx(a).Ix.RxInv(a)

(%023)

--> trigrat(%)




0
(%024) ( |

2

)

--> opBasisRep(%)

O =

(D) «Ix + (0O)x1Iy + (0) * Iz
(%025)

The ly component

--> Rx(a).Ily.RxInv(a)

( zsm(f)2 lCOS(ﬁ)Z\
cos(£)-sm (< 27— 2
(%026) <i> (21 2 2
\ 2(5) — gE) —cos(%) -sm(%)}
--> trigrat(%)
sin(a) . i-cos(a)
%027 2 2
(OO ) < i-cos(a) _sin(a) >
2 2
--> opBasisRep(%)
(0) % Ix + (cos(a)) * Iy + (sin(a)) * Iz
(%028)
The z-component
--> Rx(a).Iz.RxInv(a)
Cos(g) — Sln(%) 1+ COS (2) sin (ﬂ)\
(%029) 2 2 2 2
. a a sm(£)2 cos(%)2
| —I* COS (5)-sm (5) = = 5 )

--> trigrat(%)

cos(a) i-sin(a)
(%030) 2 2
_ -sin(a) _ cos(a)

2 2

--> opBasisRep(%)

(0) % Ix + (—sin(a)) * Iy + (cos(a)) *x Iz
(%031)

Pulses along the y'-axis

Applied to Ix

--> Ry(a).Ix.RyInv(a)

( —cos (4) - sin (£) cos(5)” _ sin(5)” |
(%032) ’ ; 2 2
\ cos(;) Sm(}) CcOS (%) - S1n (%) )

--> trigrat(%)

_ sin(a) cos(a)
(%033) 2 2
cos(a) sin(a)

2 2




--> opBasisRep(%)

(cos (a)) * Ix + (0) x Iy + (—sin(a)) * Iz
(%034)

Applied to ly

--> Ry(a).Iy.RyInv(a)

(%035) 2

--> trigrat(%)

0 —i
(%036) < R )
L0

--> opBasisRep(%)

O)«xIx + (1) xIy + (0) x Iz
(%037)

Applied to Iz

--> Ry(a).Iz.RyInv(a)

cos(%) _ sin(%)2
(%038) 2 2 2
| cos (4) - sin () 3

--> trigrat(%)

cos(a) sin(a)
(%039) 2 2
sin(a) _ cos(a)

2 2

--> opBasisRep(%)

(sin(a)) * Ix + (0) x Iy + (cos(a)) * Iz
(%040)

2.3 18.1.3 Time evolution
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The unitary time-evolution matrix and its inverse

--> Uh(t,nu)

(%041) (e_m't 0 >

0 ei-ﬂ-l/-t

--> UhInv(t,nu)

I-m-U-t
(%042) (6 Y >
O e—l-ﬂ"l/‘t

Evolution of the component beginning as Ix

--> IX




0
(%043) < )

--> Uh(t,nu).Ix.UhInv(t,nu)

0 e—2-i-ﬂ-v-t
(%044) ( | 2 )
€2'l'ﬂ"1/'l O

2

2 |—
O =

--> rectform(%)

0 cos(2-wv-t) _ iSin2-mev-t)
(%045) < 2 2 >

i-sin(27-7z-1/-t) + cos(Z;:-v-t) 0

--> opBasisRep(%)

(cosQR-m-v-)*xIx + (sn2-xm-v-1)xIy + (0)* Iz
(%046)

Evolution of ly

--> Iy

(%047) <O __5)
0

--> Uh(t,nu).Iy.UhInv(t,nu)

O _ l',e—2-i-7r-1/-t
(%048) < | 2 )
l',e2-;-7t-1/-t O

--> opBasisRep(%)

(=sin(2-mw-v-t)*xIx + (cosR -m-v-1)xIly + (0) %Iz
(%049)

Evolution of Iz

--> Uh(t,nu).Iz.UhInv(t,nu)

< 190 )
(%050) 2
O _%

--> opBasisRep(%)

O)«xIx + 0O)x1Iy + (1) *1Iz
(%051)

Effects of pulses and time evolution on identity matrix

--> 1dent

(%052) <1 O)
0 1

--> Rx(a).1ident.RxInv(a)

(%053) <sin(%)2+cos(%)2 0 >

0 sin(%)2+cos(%)2



--> trigrat(%)

(%054) (1 0>
0 1

--> Ry(a).ident.RyInv(a)
(%055) <sin(%)2+cos(%)2 0 >
0 sin(%)z-l—cos(%)2

--> trigrat(%)

(%056) (1 0>
0 1

--> Uh(t,nu).ident.UhInv(t,nu)

(%057) (1 0>
0 1

pi/2 x-pulse applied to an arbitrary density matrix represented as a linear combination of Ix, ly, 1z and the identity matrix.

--> rhol

Lyl &9
(%058) ( E 2 " 72 )
1cy cxX C
- t5 d-3

--> opBasisRep(rhol)

(ex) xIx + (cy) * 1y + (cz) * Iz
(%059)

--> opBasisRep(Rx(%p1i/2).rhol.RxInv(%pi/2))

(cx) *Ix + (—cz) x Iy + (cy) x Iz
(%060)

2.4 18.1.4 Equilibrium and a single-pulse experiment
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The equilibrium density matrix

--> rhokgq
deltaP 0
(%061) 2
0 __deltaP

2

--> opBasisRep(rhokEq)

(0) « Ix + (0) x Iy + (deltaP) = Iz
(%062)

--> rhoP12Y(Iz)

(%063) < (1) )
2

--> opBasisRep(%)

O =



(D) «xIx + (0O)xIy + (0) * Iz
(%064)

--> rhoTime(Ix,t)

0 e—Z-i-ﬂ-v-t
(%065) < | 2 )
eZ-z-;-u-t O

--> opBasisRep(%)

(cosQR-m-v-))*xIx + (sn2-7-v-1)xIy + (0)* Iz
(%066)
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