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Chapter 17: Introduction to the Density Matrix

Section 17.2: The density matrix for two scalar-coupled
sSp1lns

1 Introduction
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conditions of the BSD license and without any guarantees or warranties. (c) 2016 by David P. Goldenberg Please send comments, including bug reports, to
this address:

David P. Goldenberg

Department of Biology

University of Utah

257 South 1400 East

Salt Lake City, UT 84112-0840

goldenberg@biology.utah.edu

Chapter 17 introduces the density matrix for spin-1/2 nuclei. The first section deals with a population of isolated spins, without scalar coupling, whereas the
second section deals with a population of weakly-coupled spin pairs. Because separate Maxima libraries (1spinLib.mac and 2spinLib.mac) are used for the
two kinds of systems, separate workbooks are provided for the two sections of Chapter 17

The library used previously for quantum mechanical calculations for coupled spin pairs also contains functions for density matrix calculations for populations of

uncoupled spins.
Functions with names beginning with "psi" are generally used for wavefunction calculations, whereas function names beginning with "rho" are associated with

density matrix calculations.

(%11) load("/Users/davidg/Dropbox/homedir/maxima/2spinLib.mac™)

(%ol) [/Users/davidg/Dropbox/homedir/maximal2spinLib. mac

2 The Density Matrix for Two Scalar-Couple Spins
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The macro library includes the definition of a matrix to represent a general density matrix for a population of coupled spin pairs
(%12) rhogen

(avCaaConjCaa avCaaConjCab avCaaConjCha avCaaConjChb )
avCabConjCaa avCabConjCab avCabConjCba avCabConjCbb
avCbaConjCaa avCbaConjCab avCbaConjCba avCbaConjCbb
\avCbbConjCaa avCbbConjCab avCbbConjCba avCbbConjCbhb )

(%02)

2.1 17.2.1 Magnetization operator matrices
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The matrix used to calculate the average z-magnetization of the I-spin is:

(%13) 1z



(1 )
> 0 0 0
0o 1 0 0
(%03) 2
0O O -—%— 0
0 0 0 -1

The average magnetization is calculated by multiplying the density matrix by the operator matrix and then taking the trace of the resulting matrix.

(%14) Iz.rhogen

( avCaaConjCaa avCaaConjCab avCaaConjCbha avCaaConjCbb
2 2 2 2
avCabConjCaa avCabConjCab avCabConjCha avCabConjCbb
0%04) 2 2 2 2
avCbaConjCaa avCbaConjCab avCbaConjCba avCbaConjCbb
B 2 B 2 B 2 B 2
__avCbbConjCaa __avCbbConjCab __avCbbConjCba __ avCbbConjCbb )
2 2 2 2

(%15) mattrace(%)

avCbbConjCbb  avCbaConjCha N avCabConjCab 4 avCaaConjCaa

%05 —
(%05) 2 2 2 2

The operator matrix for calculating the z-magnetization of the S-spin.

(%16) Sz
(L0 0 0)
2
0 -1 0 0
(%06) 1
0O O 5 0
0 0 O -—%)
(%17) Sz.rhogen
( avCaaConjCaa avCaaConjCab avCaaConjCbha avCaaConjCbb
2 2 2 2
__avCabConjCaa __avCabConjCab __avCabConjCha __avCabConjCbb
0%07) 2 2 2 2
avCbaConjCaa avCbaConjCab avCbaConjCha avCbaConjCbb
2 2 2 2
__avCbbConjCaa __avCbbConjCab __avCbbConjCba __ avCbbConjCbb
2 2 2 2

(%18) mattrace(%)

avCbbConjCbb  avCbaConjCba  avCabConjCab  avCaaConjCaa
(%08) — 5 + 5 — > + >

The other operator matrices are listed below.

(%19) Ix
(0 0 L1 o)
2
0 0 0 41
(%09) 2
L 0 0 0
2
(0 L 0 0

(%110) Ix.rhogen



( avCbaConjCaa avCbaConjCab avCbaConjCha avCbaConjChb
2 2 2 2
avCbbConjCaa avCbbConjCab avCbbConjCba avCbbConjCbb
(%010) 2 2 2 2
avCaaConjCaa avCaaConjCab avCaaConjCbha avCaaConjCbb
2 2 2 2
\ avCabConjCaa avCabConjCab avCabConjCba avCabConjCbb
2 2 2 2

(%111) mattrace(%)

avCaaConjCbha

%011
(%011) 5
(%i12) Iy
(0 0 -1
0 0 O
(%012) |
L0 0
L0 L 0

(%113) Iy.rhogen

avCbbConjCab +

( i-avChaConjCaa

2

i-avCbbConjCaa

avCbaConjCaa +

avCabConjCbb 4
2

i-avCbaConjCbha

2
0 )
S
2
0
0
__i-avCbaConjCab .
2

(%013) 2

i-avCaaConjCaa
2

i-avCabConjCaa
2

(%114) mattrace(%)

i-avCbbConjCab

2

i-avCaaConjCab

2

i-avCbbConjCbha

2

i-avCabConjCab

2

i-avCaaConjCha

2

i-avCbbConjCbb

2

2

i-avCabConjCbha

2

i-avCaaConjCbb

2

i - avCbbConjCab B i - avCbaConjCaa N

2

i-avCabConjCbb

i - avCabConjCbb

2

i-avChaConjCbb )

/

N i - avCaaConjCba

(%old) —
2 2 2
(%115) Sx
(0 L 0 0)
2
% O 0 O
(%015)
0O 0 o 1
2
0 0 L1 o
(%116) Sx.rhogen
( avCabConjCaa avCabConjCab avCabConjCbha avCabConjChb
2 2 2 2
avCaaConjCaa avCaaConjCab avCaaConjCha avCaaConjCbb
(%016) 2 2 2 2
avCbbConjCaa avCbbConjCab avCbbConjCba avCbbConjCbb
2 2 2 2
\ avCbaConjCaa avCbaConjCab avCbaConjCbha avCbaConjCbb
2 2 2 2

(%117) mattrace(%)

avCbbConjCbha .

avCbaConjCbb .

avCabConjCaa 4

avCaaConjCab

%017
(%017) >
(%118) Sy
( i
4 0 0
(%018) 2
0 0 0
\~O 0 %

2

2



(%119) Sy.rhogen

( i-avCabConjCaa i-avCabConjCab i-avCabConjCbha i-avCabConjChb
B 2 B 2 B 2 B 2
i-avCaaConjCaa i-avCaaConjCab i-avCaaConjCha i-avCaaConjCbb
(%019) 2 2 2 2
i-avCbbConjCaa i-avCbbConjCab i-avCbbConjCbha i-avCbbConjCbb
B 2 B 2 B 2 B 2
i-avCbaConjCaa i-avCbaConjCab i-avCbaConjCba i-avCbaConjCbb )
2 2 2 2

(%120) mattrace(%)

i - avCbbConjCba i-avCbaConjCbb i avCabConjCaa i avCaaConjCab

(%020) — + +
2 2 2 2

2.2 17.2.2 The equilibrium density matrix
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The equilibrium density matrix is defined in 2spinLib.mac, in terms of the equilibrium population differences for the two spins.

(%121) rhoEqg

( delz;ftPS + delZaPl 0 0 0 )
0 deltaPl __ deltaPS$S 0 0
(%021) i .
0 0 deltaPS __ deltaPl 0
4 4
__deltaPS __ deltaPl
\ 0 0 0 . ‘

The equilibrium 1z and Sz magnetization components are calculated from the density matrix using the |z and Sz operator matrices

(%122) mattrace(Iz.rhoEq)

deltaPl + deltaP$S deltaPS __ deltaPl deltaPl __ deltaPS __deltaPl __ deltaPS

(%022) 4 4 _ 4 4 4 4 4 _ 4 4
2 2 2 2

(%123) ratsimp(%)

PI
(%023) M

(%124) mattrace(Sz.rhoEq)

deltaPl + deltaPS deltaPS __ deltaPl deltaPl __ deltaPS __deltaPl __ deltaPS

(%024) 4 4 4 4 4 4 i 4 4
2 2 2 2

(%125) ratsimp(%)

P
(%025) deltaP$

2.3 17.2.3 Effects of pulses on the density matrix
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The rotation matrix and its inverse for a y-pulse of angle a applied to the I-spin

(%126) RIy(Ca)



(cos(%) 0 —mn(%) 0 )
(%026) 0 cos(z) 0 -—mn(E)
SHl(%) 0 cos(%) 0
. O ﬁn(%) 0 cos(%))
(%127) RIyInv(a)
(cos(%) 0 ﬁn(%) 0 )
(%027) 0 cos(g- 0 SH](%)
—Shl(%) 0 cos(%) 0)
. O —Sﬂl(%) 0 cos(%))
Matrices for a pi/2 y-pulse to the I-spin
(%128) RIy(%pi/2)
(L o0 —-L o)
V2 V2
o L o -1
(%028) V2 V2
L0 L 0
V2 V2
0 1 0 L
\ V2 V2
(%129) RIyInv(%pi/2)
(L 0o L 0)
V2 V2
0 I |
(%029) V2 V2
-L 0 L0
V2 V2
o -—-L o0 L
\ V2 V27

Application of a pi/2 y-pulse to the I-spin, to the equilibrium state:

(%130) RIy(%pi/2).rhoEq.RIyInv(%pi/2)

( deltaPl | deltaPS deltaPS __ deltaPl
4 4 4 4
5 +
0
(%030)
deltaPIl + deltaPS deltaPS __ deltaPl
4 4 _ 4 4
2
\ 0
(%131) ratsimp(%)
( deltaPS 0 deltaPl
4 4
0 __deltaPS 0
(%031) 4
deltaPl 0 deltaPS
4 4
deltaPl
. 0 7 0

The 2spinLib.mac file also includes functions to calculate the density matrix following different pulses applied to a state represented by an initial density matrix.

deltaPl

+

deltaPS

4

4

deltaPl

2

deltaPS

4

4

deltaPl _ deltaPS§ __deltaPl __ deltaP$§
4 4 + 4 4
2 2
deltaPl _ deltaPS§ __deltaPl __ deltaP$§
4 4 _ 4 4
2 2
deltaPl
4
__deltaPS
1/

The calculation shown above can also be carried out as:

(%132) rhoPi2YI(rhoEq)

2

0

+

0

deltaPS __ deltaPl

4

4

deltaPS __ deltaPl

2

4

4

2

deltaPl __ deltaPS§ __deltaPl __ deltaP$§
4 4 _ 4 4
2 2
deltaPl __ deltaPS§ __deltaPl __ deltaP$§
4 4 + 4 4
2 2

/



( deltaPS 0 deltaPl 0
4 4
0 _ delZaPS 0 delZaPI
(%032)
deltaPl 0 deltaPS 0
4 4
deltaPl __deltaPS
. 0 4 0 4

The all of the average magnetization components can be calculated as:

(%i33) allMagRho(%)

deltaPl
<Ix>= ——

(%033)

Matrices for a pi/2 x-pulse to the S-spin

(%i34) RSx(%pi/2)

(1 __i

V2 NG

i L

(%034) V2o W2
0 0

L0 0

(%035)

The density matrix following a pi/2 x-pulse to the S-spin, starting with the equilibrium state

(%136) RSx(%pi/2).rhoEq.RSxInv(%pi/2)

( deltaPl

deltaPS

0 0 )
0 0
A
2 /2
_i L
V2 /2 /
0 0)
0 0
B0 S
2
i1
7z 2/

deltaPl _ deltaPS

/

deltaPl

deltaPS

<Iy>=0<Iz>=0<8Sx>=0<Sy>= 0< 8§z>=

deltaPl __ deltaPS

deltaPS

)

4+4_|_4 4 i'<4+4>_i'(4 4 0
2 2 2 2
i-( deltaPI __ deltaPS ) ( deltaPI _ deltaPS ) deltaPI _ deltaPS deltaPI __ deltaPS
4 4 - 4 4 4 4 + 4 4 0
(%036) 2 2 p) 2
deltaPS __ deltaPl __ deltaPl __ deltaPS§
4 4 4 4
0 0 > + :
. deltaPl deltaPS . deltaPS deltaPl
| ) 0 (osnoenn) (e sn)
(%137) ratsimp(%)
( deltaPl i-deltaP$ 0 0 )
4 4
__ i-deltaPS deltaPl 0 0
(%037) 4 4
0 0 __deltaPl i-deltaPS
4 4
\ 0 0 _ i-deZaPS _ delZaPI )
(%138) allMagRho(%)
deltaPl deltaPS
<Ix>=0<ly>=0<Ilz>= —— < S5x>=0<Sy>= ——— < 5z>= 0

(%038)

l( deltaPS __ deltaPl ) i (_ deltaPl
4 4 — 4
2 2
deltaPS __ deltaPl __ deltaPl .
4 4 _|_ 4

2

The effects of a non-selective pulse are calculated by first calculating the effects of one pulse on the density matrix, followed by the other pulse

In the example below, the matrix multiplications for the first pulse are nested in parentheses.

2



(%139) RSy(%pi/2).(RIy(%pi/2).rhoEq.RIyInv(%p1/2)).RSyInv(%pi/2)

deltaPS _ deltaPl deltaPl " deltaPS

_ deltaPl _ deltaPS deltaPl _ deltaPS

deltaPS _ deltaPl deltaPl + deltaP$

deltaPS _ deltaPl

deltaPl " deltaPS

deltaPS _ deltaPl

deltaPI + deltaPS

( deltaPS deltaPl deltaPl | deltaPS deltaPl  deltaPS deltaPl  deltaPS
—_ + — — —
4 4 4 4 4 4 4 4
2 + + 2 T 2
2 2
deltaPS _ deltaPl deltaPl + deltaPS _deltaPl _ deltaPS deltaPl _ deltaPS
4 4 4 4 4 4 4 4
2 + _ 2 T 2
(%039) 2 2
deltaPl n deltaPS deltaPS _ deltaPl deltaPl _ deltaPS _ deltaPl _ deltaPS
4 4 _ 4 4 4 _ 4 4
2 + 2 2
2 2
deltaPl n deltaPS deltaPS _ deltaPl deltaPl _ deltaPS _ deltaPl _ deltaPS
4 4 _ 4 4 4 _ 4 4
2 _ 2 2
\ 2 2
(%140) ratsimp(%)
( 0 deltaPS deltaPl 0 )
4 4
deltaPS 0 0 deltaPl
(%040) 4 4
deltaPl 0 0 deltaPS
4 4
deltaPl deltaPS
. 0 i T 0 )

The calculations can be carried out in either order:

(%141) RIy(¥pi/2).(RSy(%pi/2).rhoEq.RSyInv(%pi/2)).RIyInv(%pi/2)

deltaPl " deltaPS deltaPl _ deltaPS

deltaPl _ deltaPS deltaPl " deltaPS

deltaPl + deltaPS deltaPl _ deltaPS

deltaPl _ deltaPS

deltaPl n deltaPS

( deltaPl _ deltaPS deltaPl " deltaPS _ deltaPl _ deltaPS deltaPS _ deltaPl
4 4 4 4 4 + 4 4
2 + 2 2
2 2
deltaPl " deltaPS deltaPl _ deltaPS deltaPS _ deltaPl _ deltaPl _ deltaPS
4 4 _ 4 4 4 _ 4 4
+ ! :
(%041) 2 2
deltaPl _ deltaPS deltaPl + deltaPS _deltaPl _ deltaPS deltaPS _ deltaPl
4 4 4 4 4 + 4 4
2 _ 2 2
2 2
deltaPl n deltaPS deltaPl _ deltaPS deltaPS _ deltaPI _ deltaPl _ deltaPS
4 4 _ 4 4 4 _ 4 4
— 2 2
\ 2 2
(%142) ratsimp(%)
( 0 deltaPS deltaPl 0 )
4 4
deltaPS 0 0 deltaPl
(%042) [ 4
deltaPl 0 0 deltaPS
4 4
0 deltaPl deltaPS 0
\ 4 4 J

There is also a function to calculate the effects of a non-selective pi/2 y-pulse

(%143) rhoPi2Y(rhoEq)

( 0 deltaPS

4

deltaPS
= 0
(%043)
deltaPl 0
4

deltaPl

\ 0 4

delZaPI 0 )
deltaPl
0 4
0 deltaPS
4
deltaPS
4 U

The resulting magnetization components are as expected:

(%144) allMagRho(%)

deltaPl

< Ix >= T<Iy>= 0<Iz>= 0<8x>=

(%044)

deltaPS

<Sy>=0<85z>=0

4 4 4 4
2 + 2
2
_deltaPl _ deltaPS deltaPl _ deltaPS
4 4 4 4
2 + 2
2
deltaPl _ deltaPS _deltaPl _ deltaPS
4 4 _ 4 4
2 2
2
deltaPl _ deltaPS _ deltaPl _ deltaPS
4 4 _ 4 4
2 2
2
deltaPS _ deltaPl _deltaPl _ deltaPS
4 4 _ 4 4
2 2
2
_ deltaPl _ deltaPS deltaPS _ deltaPl
4 4 4 4
2 + 2
2
deltaPS _ deltaPl _deltaPl _ deltaPS
4 4 _ 4 4
2 2
2
_ deltaPl _ deltaPS deltaPS _ deltaPl
4 4 4 4
2 + 2
2

deltaPl n deltaPS

deltaPl + deltaPS

deltaPS _ deltaPl

deltaPS _ deltaPl

deltaPl _ deltaPS

deltaPl _ deltaPS

deltaPl n deltaPS




2.4 17.2.4 Time evolution of the two-spin density matrix
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The time evolution matrix for two weakly-coupled spins

(%145) Uh(t,nuI,nuS,J)

( e_,'.ﬂ.t. ( §J+nul+nuS)

(%045)
0

\ 0

The inverse of the time-evolution matrix
(%146) UhInv(t,nul,nuS,J)

( ei-n-t- ( 5J+nul+nuS)

(%046)
0

\ 0

0 e_i.n-.[. (_

0

0
0

-

+nul—nusS )

o O

|

—i-7-t (— —nuI+nuS)

|

0 e
0 0

0

0 ei-ﬂ-t-(—§+nul—nu5) 0

ei-zt-t- (— %—nul+nuS)

0 e

Demonstration that the matrices are inverses of one another

(%147) Uh(Ct,nul,nuS,J).UhInv(t,nul,nusS,J)

(1 0 0 0)

(%0AT) 0O 1 0 O
0O 0 1 O

0 0 0 1)

0 )

0

0
—iewet-( £ —nul-nus) |

O \
0
0)

-7t ( g —nul—nuS) )

Starting with a density matrix following a pi/2 y-pulse to the I-spin, starting from the equilibrium state

(%148) rhol:rhoPi2YI(rhoEq)

( deltaPS 0 deltaPl
4 4
0 _ delZzPS 0
(%048)
deltaPl O deltaPS
4 4
\ 0 delZaPI 0

0 )

deltaPl
4

0

__deltaPS
4

Time evolution of this density matrix is calculated as:

(%149) rholt:Uh(t,nul,nuS,J).rhol.UnInv(t,nul,nuS,J)

( deltaPS O dell‘apl-ei.”.t' <nuS—nu]— ;21 )—i-mt-( ;2]+nu1+nuS>
4 +
( o 19) 0 _ delZaPS 0
00
deltaPI.ei-ﬂ-t- (nuS+nuI+ EJ >—i'ﬂ'l' (— ;2] —nuI+nuS> O JeliaPS
4 4
\ 0 etapre st i) ;

(%150) ratsimp(%)

4

deltaPl-e

0

-7t (—nuS—nu1+ EJ )—i-zr-t- (—

;] +nul—nuS
2

4

0

__deltaPS
4




( deltaPS 0 deltaPl-e=i-7tJ=2-i-wt-nul 0
4 4
O _ deltaPS O deltapl.ei-ﬂ-t-J—Z-i-ﬂ-t-nuI
(%050) | | 4 4
d€ltapl.el‘Zl'J+2-l-n'-t-nul 0 delZz PS 0
deltaP[.eZ-i-;r-t-nu]—i-ﬂ'-t-J deltaPS
\ 0 ; 0 — delt )
This can also be calculated using the rhoTime function in the 2spinLib.mac file.
(%151) rhoTime(rhol,t)
( i-m-t-\ nuS—nul— J —i-mt J nul+nu
deltab§ 0 deltaPl-e t< S—nul 3> t<§+ I S) 0
4 4
, A J
0 — deliaPs 0 deltaplg st 5 )it (= 5 tnut-nis
(%051) 4 1
. A J
deltaPI.ewr‘t- (nuS+nuI+ > )—wr‘t- (— ) —nu1+nuS> O deltaPS O
4 4
, J\ . J
O deltaPI'el-ﬂ:-t-(—nuS+nuI—E)—l-ﬂ-t-(a—nul—nuS) O _ deltaPS
\
4 4
(%152) ratsimp(%)
( deltaPS 0 deltaPl-e=i-7tJ=2-i-wt-nul 0 \
4 4
O _ deltaPS O deltapl.ei-ﬂ-t-J—Z-i-ﬂ-t-nuI
(%052) | | 4 4
d€ltapl.el‘Zl'J+2-l-n'-t-nul 0 delZz PS 0
deltaP[.eZ-i-;r-t-nu]—i-ﬂ'-t-J deltaPS
0 0 — dele )

\

4

Calculation of the Ix magnetization component as a function of time

(%153) mattrace(Ix.rholt)
deltaPl - ei.n.t. (—nuS+nuI—_;)_i.ﬂ.t. ( %—nul—nuS)

8

deltaPlI - ei'”'t'(”uS‘FnuH‘EJ)‘i'ﬂ‘f‘<—ij—nul+nu5) deltaP] - ei-ﬂ-t-(l’luS—nuI—é)-i.;pp(_é.}.nu]_l_nus)

+
8 8

(%053)

(%154) trigrat(%)

deltaPl -cos2-nmw-t-nul —n-t-J)+deltaPl-cos2-n-t-nul+nm-t-J)
4

(%054)

Calculation of all of the magnetization components

(%155) allMagRho(rholt)
deltaPl - (smn 2 -z -t-nul—m-t-J)+sin(2-x
4

deltaPl - (cos2-nm-t-nul—n-t-J)+cosQ-nm-t-nul+nm-t-J))
1 <ly>=

< Ix >=

(%055)

Time evolution of density matrix following a non-selective pulse, as in the COSY experiment

(%156) rhoZ2:rhoPi2Y(rhoEq)

( 0 deltaPS deltaPl 0 )
4 4
deltaPS 0 0 deltaPl
(%056) 1 1
deltaPl O O deltaPS
4 4
deltaPl deltaPS
. 0 4 4 Uy

(%157) allMagRho(rhol)

< Ix >=

deltaPlI

<Ily>=0<Iz>=0<8Sx>=0<Sy>= 0< §z>=

deltaPS



(%057)

Time evolution after non-selective pi/2 y-pulse.

(%158) rho2t:rhoTime(rho2,tl)

( O deltaPS.ei.n.t]-(—nuS+nuI—3J)—i-;z-t]-(z‘]+nul+nu5> deltapl.ei-fz.tl-<nuS—nuI—E > +nul+nuS O
4 4
dethlPS-ei‘”‘t]‘ (nuS+nuI+3J )_i'ﬂ-'tl' <—3J+nul—nu5> deltaploei-n'-t]o (—nuS—nuI+;2] )—i.ﬂ-.t]. <__-21
0 0
(%058) 4 i
deltapl.ei.n.t]-(nuS+nuI+EJ )—i.n.t]-(_aj—nanuS) O O delmPS.ei.n.t].(_nus_nuu.zj>_i.ﬂ.t1.<__:-
! 4
\ O deltaPI.ei-ﬂ-t]-(—nuS+nu1— EJ )—i-;m]-( EJ —nuI—nuS) deltaPS.ei-;z.t]- (nuS—nuI—EJ >—i-7z’-l‘]~( %—nul—nuS) O
4 4

(%159) ratsimp(%)

( O deltaPS-e~ i tl-J=2-i-mtl-nus§ deltaPl-e—i-mt1-J=2-i-wtl-nul O
4 4

deltaPS,ei-ﬂ-tl-J+2-i-ﬂ-t]-nuS O O deltaPI.ei.ﬂ.t].]_z.i.ﬂ.ﬂ.nul

(%059) 4 4
deltaPl- g7t -J+2-i-wt]-nul O O deltaPS-¢imtlJ=2-i-wtl-nus

4 4

deltaPI.ez'i'”'tl'”"‘l_i'”'tl‘J deltaPS'ez.i.ﬂ.t].nus_i.ﬂ.t] J
\ 0 " - 0

All of the magnetization components

(%160) allMagRho(rho2t)

deltaPl - (cos2-nm-tl -nul —m-tl-J)+cos2Q-m-tl -nul+m-tl-J)) <7 deltaPl - (sin (2 -7 -tl -nul —m-tl -J) + si

< Ix >=
1 Y 1

(%060)

Application of a second pulse following the evolution period, t1

(%161) rho3:rhoPi2Y(rho2t)

\mathrm{\tt (\%061) }\quad \begin{pmatrix}-\frac{{{e}Ar{-1\cdot \p1i \cdot \mathit{tl}\cdot J-2\cdot i\cdot \pi \cdot \mathit{tl}\cdot \mc

(%162) ratsimp(%)

\mathrm{\tt (\%062) }\quad \begin{pmatrix}-\frac{{{e}r{-1\cdot \p1i \cdot \mathit{tl}\cdot J-2\cdot i\cdot \p1i \cdot \mathit{tl}\cdot \mc

The element from the upper left corner of the density matrix:
(%163) rho3[1,1]

p—imtl-J=2imtl-nul=2-i- w1l -nuS ((dell‘aPS L e2imtld 4 deltaPS) . p2imtlul ((deltaPI+ deltaPI - e2-i-7z-t]-]) . eimtlnul 4 doltaPl

%063 —
( ) 16

(%164) trigrat(rho3[1,1])

deltaPl - cos (2 -z -tl -nul —m-tl -J)+deltaPl -cos (2 -z -tl -nul +x-tl-J)+deltaPS-cos2-m-tl -nuS—m-tl-J)+

%064 —
( ) :

The element from the upper right corner of the density matrix
(%165) trigrat(rho3[1,4])

i -(—deltaPl -sm Q2 -7 -tl -nul—n-tl-J)+deltaPl-sin(2-#7-tl -nul +x-tl-J)—deltaPS-simQ2-x-tl-nuS—anx-tI-

%065) —
(%065) 5
(%166) allMagRho(rho3)
ltaPl - (sin (2 - ¢ - t] - I — 7 -tl - 1 . T - . . . . . T . —
<Ix>=0<Iy>= deltaPl - (sinQ -z -tl -pul =z -1l - D) +sin@-z-tl -l +x-t1-0) _ _  deltaPl-(cos 2 -z -1l - nul —;

4



(%066)

A symbolic, abbreviated representation of the density matrix following the second pulse

(%167) rho3abbr:matrix([d11,d12,d13,d14],[d21,d22,d23,d24], [d31,d32,d33,d34], [d41,d42,d43,d44])

(%067)

(dl]
d21
d31

\ d41

dil2
d22
d32
d42

di3
d23
d33
d43

di4)
d24
d34

d44 )

Time evolution of the density matrix after the second pulse

(%168) rhoTime(rho3abbr,t2)

(%068)

(

d21 - e
d3l - ei-ﬂ-tZ-(nuS+nuI+—;)—i-7r-t2-(——;—nul+nuS)

(%169) ratsimp(%)

(%069)

(

dll
d21 - pimi2-J+2-i-mwt2-nus

dll

\ d41] - ei-ﬂ-tZ-(nuS+nuI+3J)—i-7r-t2-(Ej—nul—nuS)

d3l - w12 J+2-i-m12-nul

\ d41 - eZ-i-ﬂ-IZ-nuI+2-i-ﬂ‘tZ-nuS

dl2 - ei'”'Q'(‘””S+””1_—;)—i'ﬂ'l‘2-<5J+nul+nu5)

i-mt2- (nuS+nuI+;2])—i-7r-t2- (—Ej+nu1—nuS)

dl2 . g~imwi2-J=2-i-m-t2-nus
d22
d32 - e2-i-7r-t2-nul—2-i-zz-tZ-nuS

d42 - eZ-i-ﬂ-tZ-nuI—i-ﬂ-ZZ-J

d22

d32 - ei-ﬂ-tZ- (—nuS+nuI— —; ) —i-712- (—EJ—nuI+nuS)

d42 - ei-ﬂ-tZ- (—nuS+nul—§J)—i-ﬂ-t2- ( Ej—nul—nuS)

dl3 . g—imwi2-J=2-i-mt2-nul
d23 - eZ-i-ﬂ-tZ'nuS—Q-i-ﬂ-tZ-nuI

d33
d43 . g2 i-mi2:nuS—i-m12-J

dl3 - ei.ﬂ.zz.(nuS—nul—Ef)_,-.ﬂ.Q.( EJJr,m, +nu5>
a3 - ei'ﬂ'IZ-(nuS—nuI—EJ)—i'ﬂ-IZ-(——g+nul—nuS)

d33
d43 - ei.n.zz.(nuS—nul—EJ)_i.ﬂ.tg.<%_nu[_nus)

dl4 - 6—2-i-ﬂ-t2-nul—2-i-fr-t2-nuS )
d24 . ei-ﬂ-tZ-]—Z-i-ﬂ-tZ-nuI

d34 - ei-zz-tZ-J—Z-i-ﬂ-tZ-nuS

d44 /

The diagonal elements are not affected by the second evolution period, but all of the other density matrix elements are.
The elements on the skew diagonal (from the lower left to the upper right) contain frequency terms that are the sum and difference of nul and nuS.
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