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Announcements

First Quiz: Friday, 2 Sept.
25 min, second half of class.

First problem set
Posted on Canvas; due Tuesday, 6 Sept. Via Gradescope

TA Discussion Sessions:
• Mondays, Noon to 1:00 PM (Zoom)
• Wednesdays, 11:00 AM to noon,

room 107 in Business Classroom Building

Instructor office hours(Zoom):
• Tuesdays: 9:00 - 10:00 AM
• Thursdays: 2:30 - 3:30 PM
• Other times by appointment.

Send me an e-mail message!

Note on significant figures.



Probability: Some Definitions

Outcomes – Possible results of a probabilistic process
• For a coin toss: coin lands heads-up (H) or tails-up (T )

• For a roll of a six-sided die: The number of spots on the side that lands up
(1, 2, 3, 4, 5 and 6)

• Distinguished from “events”, to be defined shortly

Probability – A number with a possible value from 0 to 1, associated with
a single outcome.
• p = 0: Outcome will never occur.

• p = 1: Outcome will always occur.

• The sum of the probabilities of all possible outcomes of an experiment must
equal 1.

• What does a probability greater than zero but less than one mean?



Two Interpretations of Probabilities

1. The frequentist interpretation
• If the same experiment is repeated a large number, N, of times, an outcome

with probability p will occur approximately N · p times.

• “Law of large numbers”.

• Value of probabilities are defined by properties of the experiment.

2. The Bayesian interpretation
• Quantity used to express (limited) knowledge or belief.

• May not be able to determine probability from first principles or experiment.

• Probability can be updated using additional information.

• Thomas Bayes (1702-1761): Equation for calculating revised, or conditional,
probabilities. A standard application of conventional, frequentist probability.

• Application of Bayes’ equation to statistical inference is a relatively recent
and very important development.



A Bayesian Considers Steve

Steve is one of a large number of people in a population who are either
librarians or farmers.

All farmers (blue) and librarians (yellow) Shy, organized farmers and librarians

Initial information: Relative number of farmers and librarians in the population.
New information: Steve’s personality traits and the average traits of librarians
and farmers.
New information allows us to revise our estimate of the probability that Steve is
a librarian.



The Sample Space, S

Set of all possible outcomes
• For a single coin toss:

S = {T;H}
Curly braces are used to indicate sets.

• For two independent coin tosses:
S = {(H;H); (H; T ); (T;H); (T; T )}
Ordered pairs representing the results of the two tosses.

The sample set must be complete, i.e., it must include all possible
outcomes.

The elements in the sample set must not overlap.

The sum of the probabilities for all of the elements in the sample set
must equal 1.

Are there other possible sample sets that could be defined for two coin
tosses?



Clicker Question #1

How many outcomes are there in the (simplest) sample set
for three coin tosses?

A) 3

B) 4

C) 6

D) 8

E) 10



Three Coin Tosses

For each coin there are two possible results, the total number of
possible results is:

2× 2× 2 = 8

The sample set:

S ={(H;H;H); (H; T;H); (H;H; T ); (H; T; T )

(T;H;H); (T; T;H); (T;H; T ); (T; T; T )}

The order matters!



Events

An event is a subset of the sample space.

Some possible events defined for two coin tosses:
• Two heads: 2H = {(H;H)}
• Two tails: 2T = {(T; T )}
• One heads and one tails: 1H1T = {(H; T ); (T;H)}

The outcomes defined in the sample space are events, but additional
events can usually be defined by grouping outcomes together.

Some other events that can be defined for two coin tosses:
• One or more heads: 1+H = {(H;H); (H; T ); (T;H)}
• One or more tails: 1+T = {(H; T ); (T;H); (T; T )}



Calculating Probabilities: Sequential Trials

Two coin tosses:

(H,H) (H,T) (T,H) (T,T)

H T

Probabilities are multiplied

p
`
(H;H)

´
= p(H)p(H) = 0:5× 0:5 = 0:25

p
`
(H; T )

´
= p(H)p(T ) = 0:5× 0:5 = 0:25

p
`
(T;H)

´
= p(T )p(H) = 0:5× 0:5 = 0:25

p
`
(T; T )

´
= p(T )p(T ) = 0:5× 0:5 = 0:25

Multiplication of probabilities is usually associated with “and”.



Clicker Question #2

What is the probability of three heads in three coin tosses?

A) 0

B) 1/8

C) 1/3

D) 3/8

E) 3/4



The Probability of Three Heads in Three Coin Tosses

Three sequential events

p=0:5−−−→ H p=0:5−−−→ H p=0:5−−−→ H

p =
1

2
× 1

2
× 1

2
=

1

8

Consider the sample set:
• There are 8 elements in the sample set.
• All outcomes in the sample set have equal probabilities (if the coin is fair).
• For each outcome, p = 1=8.
• Only one outcome has 3 heads, (H,H,H).



Two Tosses of a Bad Coin

(H,H) (H,T) (T,H) (T,T)

H T

Sum of probabilities:

p
`
(H;H)

´
+ p

`
(H; T )

´
+ p

`
(T;H)

´
+ p

`
(T; T )

´
= 1



Calculating Probabilities: Groups of Outcomes or Events

An event defined earlier for two coin tosses:

One heads and tails: 1H1T = {(H; T ); (T;H)}

Probability is calculated as a sum:

p(1H1T ) = p
`
(H; T )

´
+ p

`
(T;H)

´
= p(H)p(T ) + p(T )p(H)

= 0:5× 0:5 + 0:5× 0:5

= 0:25 + 0:25 = 0:5 (for a fair coin)

Addition of probabilities is usually associated with “or”.



Another Example

An event defined for two coin tosses:

One or more heads: 1+H = {(H;H); (H; T ); (T;H)}

Calculation of probability:

p(1+H) = p
`
(H;H)

´
+ p

`
(H; T )

´
+ p

`
(H; T )

´
= 0:25 + 0:25 + 0:25 = 0:75 (for a fair coin)

Another way:

• 1+H includes all of the sample set, except (T; T ).
• For the entire sample set, the sum of probabilities is 1.

p(1+H) = 1− p
`
(T; T )

´
= 1− 0:25 = 0:75 (for a fair coin)



Clicker Question #3

What is the probability of exactly two heads in three coin tosses?

A) 0

B) 1/8

C) 1/4

D) 3/8

E) 1/2



The Probability of Exactly Two Heads in Three Tosses

The sample set for 3 coin tosses:

S ={(H;H;H); (H; T;H); (H;H; T ); (H; T; T )

(T;H;H); (T; T;H); (T;H; T ); (T; T; T )}

Which outcomes have exactly 2 heads:

(H; T;H); (H;H; T ); (T;H;H)

Another way:
• An outcome with exactly 2 heads has exactly 1 tails!
• There are three places in the sequence to place the 1 tails.
• Three outcomes have exactly 2 heads.



Clicker Question #4

A coin has been tossed 10 times and has landed heads-up each time.
What is the probability that it will land heads-up the next time?

A) 0

B) Greater than zero but less than 1/2

C) 1/2

D) Greater than 1/2 but less than 1

E) 1



Clicker Question #5

The King has one sibling∗.
What is the probability that the King’s sibling is a sister?

A) 1/4

B) 1/3

C) 1/2

D) 2/3

E) 3/4

∗Assume that the throne is inherited as in Britain.


