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Introduction to the supplement

This supplement is intended to provide the mathematical details and examples that have been left out of the main
paper, as well as to provide a means for the reader to carry out additional calculations.

The definitions and equations used for this notebook are provided in two Mathematica package files. For the system
composed of a single isolated spin, the "oneSpinLib" package is used, while a separate package "twoSpinLib" is used
for calculations involving a scalar-coupled spin pair. These packages are not needed to read the notebook, but are
necessary to carry out calculations. The library files must be placed in an appropriate location where Mathematica
will look for them. | suggest creating a directory "NMR "in the Applications directory in $BaseDirectory. (this is
/Library/Mathematica on Mac OS X) or in $UserBaseDirectory (~/Library/Mathematica on Mac OS X).

If installed in one of these locations, the packages are loaded with the commands:

<< NMR’oneSpinLib®

or

<< NMR’twoSpinLib®

Because some of the same names are used for different functions in the two libraries, one set must be cleared before
the other is loaded. This is done with:

Remove['NMR oneSpinLib™"]

or

Remove['NMRtwoSpinLib™"]

Each of the packages includes two sets of functions, one for calculations involving wavefunctions representing pure
populations and the other for calculations involving density matrices, which can represent either pure populations or
mixtures of spins with different wavefunctions. Functions involving wavefunctions are identified with "psi" as part of
the name, while functions involving density matrices are identified with "rho".

There are at least two other Mathematica notebooks available for carrying out product-operator calculations:
Prod_Op_Cart.nb by John Shriver
POMA.nb by Peter Guntert.

Both of these can be obtained at: http://www.nmr.chem.uu.nl/~hsu/NMR/POMA/poma.html

The two notebooks cited above implement the product operator formalism using symbolic manipulations. The pack-
ages for this notebook, on the other hand, uses matrix representations of the wavefunctions, operators and the
density matrix to calculate the effects of pulses and evolution periods. The operators are used to calculate the
average observable magnetization components and correlations, as described in the text.
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Like the accompanying manuscript, this notebook and the associated packages assumes a "left-hand rule" for the
effects of pulses and precession. This is contrary to the convention of Sorensen et al. (Progress in NMR Spectros-
copy 16, 163-192 (1983)), but it is consistent with most vector representations of NMR experiments, where, for
instance, a positive pulse along the x-axis rotates z-magnetization towards the y-axis.

= Some Mathematica conventions

Because they have to be interpreted by a machine, the expressions used in Mathematica must follow rather strict
rules of syntax. One aspect that is particularly important in using this notebook is the convention for parentheses and
brackets:

1. Parentheses are used only to group the parts of an algebraic expression, for instance (a+b)(c+d)

2. Square brackets are used to enclose the arguments of a function, either built in Mathematica functions or user-
defined functions. For instance Sin[x]. The names of Mathematica's built in functions always begin with a capital
letter, and it is considered good form to begin the names of user functions with a lower case letter. | have broken this
rule for symbols representing matrices or matrix functions, including the Ix, ly and Iz operators and the matrices for
rotation and time evolution.

3. Curly brackets are used to represent lists, including vectors and matrices. For instance a two-element vector is
written as: {a,b}, and a 2x2 matrix is written as a list of two two-element vectors, where the individual vectors are the
rows: {{a,b},{c,d}}

The output of matrices can be made to follow the normal convention by entering

$PrePrint = If[MatrixQ[#], MatrixForm[#], #] &

at the beginning of a workbook. This is included automatically in the two libraries, so that when a matrix is entered as
described above, the output is in the usual row-column form:

= $PrePrint = |f [MatrixQ[#], MatrixForm[#], #] &

ouf= | f [MatrixQ[al], #l1, #1] &

In[2]:= {{1, 2}, {3, 4]’]’

12)
3 4

Out[2]= [

It is often convenient to be able to access the result of a previous calculation. The symbol "%" always represents to
result of the last calculation, and can be entered into a new calculation. For instance:

In[3):= 672
outzl= 36

Inf4)= %

outj4]= 36

injsj= Sqrt [%]
outs)= 6

Mathematica has a number of built in functions to simplify algebraic expressions or apply trigonometric identities. If
the program generates something in one form, one of these functions can be used to try to simplify it or change it to
more useful form:
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mel= Sin[2nul wxt]Sin[2nuSxt]

oufel= Sin[2nul mt] Sin[2nuSrt]

in[7:= Tri gReduce[%]
1
out[7]= > (Cos[2nul nt -2nuSxt] -Cos[2nul 7t +2nuSnt])

Previous results can also be referred to by line number:
in[g;:= Qut [6]

oufsl= Sin[2nul nt]Sin[2nuSrt]

Or
Info]:= %4
Out[9]= 36

Substitutions can be incorporated into expressions as shown below:
In[10]:= X +Y

out[10]= X +Y

Inf11]= X +y /. X=>» 5

out1l]= 5 +Yy

A multiple substitution

nzi= X +y /. {X->5 y->6}

ou12]= 11

These substitutions do not assign values to the symbols x and y:
In[13]:= X

out13]= X

In[14]:= Y

Oout[14]= Y

3

Wavefunctions and operators for an isolated spin

m Loading the one-spin library
In[15]:=

in[16:= Renpve["NVMR oneSpi nLi b™ "]
in[17:= << NMR oneSpi nLi b*

The objects defined by the library can be listed with the Names function
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inf18:= Names ["NVR oneSpi nLi b™ " ]
oufigl= {a, all MagPsi, all MagRho, ca, cb, deltaP, H, Hnv, Ix, Iy, 1z, meanPsi,
meanRho, nu, op, psi, psi A psiB, psiGen, psiPi2x, psi Pi 2y, psiPix, psiPiy,

psi Pul seX, psi Pul seY, psi Tinme, rho, rhoEq, rhoGen, rhoPi 2x, rhoPi 2y, rhoPi x,
rhoPiy, rhoPul seX, rhoPul sey, rhoPul seY, rhoTi me, Rinvx, Rinvy, RXx, Ry, t}

For information about an object, type "?name". For instance:

o= ?al | MagPsi

allMagPsi[psi] writes output with all three magnetization components when applied to a wavefunction psi

m Wavefunctions

In the text, wavefunctions are written in the Dirac notation, so that the general form of a wavefunction for a single spin
is written as:

|¥> = ca o>+ cfB |B>
For calculations with Mathematica, it is more convenient to use a vector representation of the wavefunctions, and
matrices for operators.

For a single spin, the wavefunction is a vector with two elements, corresponding to the complex coefficients for the
|a> and |B> basis wavefunctions. The oneSpinLib package defines the general form of a wavefunction:

In[20:= PsSi Gen

out20)= {ca, cb}

Note that in Mathematica, vectors are written as a list of elements enclosed in curly braces. There is no distinction
between row and column vectors. The basis wavefunctions, |a> and |B>, are defined as:

In21:= psi A

ouz1)= {1, 0}

Inj22):= Ppsi B

outz2= {0, 1}

m Operators

Operators are represented by matrices, and the action of the operator on a wavefunction is calculated by multiplying
the wavefunction by the operator. The three magnetization operators are:

inf23)= I X

0 ;
ousf= | 4 0 ]
inf24]= 1y

0 -}
out[24]=

o

N =
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in2s)= 12

0
out[25]=

O Nk

1
2
Vector and matrix multiplication are entered by placing a period between the arguments, as shown below for some
examples of the action of the operators;

in26l:= | X. psi A

out[26]= {0, %}
7= 1y. psi A
out[27]= {0, %}

in2s:= 1 z. psi A
1
out[28]= {E 0}

Notice that the result of multiplying psiA by Iz is the original vector times a constant, 1/2. This defines psiA as an
eigenfunction (or eigenvector} of Iz, and the eigenvalue, 1/2, represents the value of the observable, Iz, that will
always be produced by the measurement. psiB is the other eigenfunction of Iz:

inzol= 1 z. psi B

1
out[29]= {0, - E}
In this case, the eigenvalue is -1/2. Mathematica can find the eigenfunctions and eigenvalues for any operator
defined by a square matrix:

in[30]:= Ei gensystem[l z]

11
out[30]= H_E E} ({0, 1}, (1, 0}}}
The first part of the result is a list of the two eigenvalues, and the second part is a list of the two eigenvectors. For the
other two magnetization operators:
inz1:= Ei gensystem[l x]

Outa1= {{—% %} (-1, 1), (1, 133}

inz2:= Ei gensystem[ly]
1 1
ouz= {{-20 S (0 13 (-1, 13
These forms of the eigenvectors are not normalized, as they must be in order to generate appropriate values in
quantum-mechanical calculations. But, Mathematica can take care of this. For the Ix eigenfunctions:
in23:= Normalize[{-1, 1}]
1 1

out[33]= {—E 5}
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in34p= Normalize[{l, 1}]
1 1

=

For the ly eigenfunctions:

out[34]= {

in3s):= Normalize[{#, 1}]

1 1
Out[35]= { , —}
vz vz
inz6l:= Normalize[{-i, 1}]
i 1
Out[36]= {— ' 7}
V2 VZ

m The average outcome of a measurement

The average value of a measurement, A, applied to a large number of particles with the same wavefunction is calcu-
lated as:

<A> = <Psi | A | Psi>, as written in Dirac notation. For a system involving only spins, the bracket represents the
multiplication of the result of applying A to |Psi> by the complex conjugate of the wavefunction (<Psi|). In Mathemat-
ica, the average outcome of measuring Iz for the basis wavefunction psiA is carried out as:

inz7:= Conj ugat e[psi A]l. | z. psi A

1
ou[37]= —
ut[37] 5

The one-spin library has a function that carries out this manipulation and simplifies the result:
inzs:= meanPsi [l z, psiA]
1

out[3g]= —
2

The simplification is obviously not necessary in this case, but is convenient with more complicated examples, espe-
cially those involving a wavefunction that changes with time. Be aware that the simplification rules used in this
function assume that any undefined variables that define the wavefunction are real valued, except that it treats as
complex the special variables, ca and cb, used to define the general form of the wavefunction. So, an expression for
calculating the average value of Iz for a general wavefunction can be determined using:

in[z9:= meanPsi [l z, psi Gen]
1 . 1 .
out[39]= 5 ca Conjugate[ca] - 5 cb Conj ugat e[ch]
For convenience, the library also includes a function that calculates the average values for all three of the magnetiza-
tion components:

injso:= al | MagPsi [psi A]



<l x>

<ly>

<lz>

In[41]:=
<l x>

<ly>

<lz>

In[42]:=

<l x>

<ly>

<lz>

We can use these functions to confirm the properties of the eigenfunctions for Ix and ly

In[43]:=

Out[43]=

inj44:= al | MagPsi [Normal i ze[{-1, 1}]]

<l x>

<ly>

<lz>

In[45]:=

<I x>
<ly>
<lz>

In[46]:=

out[46]=

In[47]:=

<l x>

<ly>

<lz>

=0

al | MagPsi [psi B]

al | MagPsi [psi Gen]

1 1
= S i cb Conj ugatejca] + 5 i ca Conj ugate[ch]

1

Ei gensyst em[l x]

1

{{75, %} (-1, 1), 11, 13}

1
2
-0
-0

al | MagPsi [Normal i ze[{1, 1}]1]

-

2
=0
0
Ei gensystem[l y]

H*%’ %}, (i, 1) (-4, 1)

al | MagPsi [Normal i ze[{#, 1}]1]

=0

N|

1 1
= cb Conj ugate[ca] + 5 ca Conj ugate[ch]

1
= 5 ca Conj ugate[ca] - 5 cb Conj ugat e[ch]
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injag:= al | MagPsi [Normal i ze[{-1, 1}]]

<Ix> =20
| 1
<ly> = —

2
<lz> =0

Equilibrium population difference for a single spin

The relative concentrations of two states at thermal equilibrium are given by the Boltzmann equation:
o= Na/No = Exp[(Eb - Ea) / (kT)] == Exp[del taE/ (kT)]

Na Ea+Eb
Out[49]= —— == €@ kT =
N

_ edel taE/kT

For conventional NMR experiments, deltaE << kT, and the Boltzmann distribution can be approximated as:
o= Na/Nb == 1 + deltaE/ (kT)

Na del t aE
ou50)= — =1+
Nb kT

Na can be written in terms of Nb:
ini1:= Na == Nb (1 + deltaE/ (kT))

del taE

out[s1)= Na == [l +

The fractional population difference, deltaP is defined as:
ins21= del taP = (Na -Nb) / (Na + Nb)

Na - Nb

ous2]= del taP ==
Na + Nb

The numerator can be written as:

3= (Na-Nb) == Nb ((1+deltaE/ (kT)) -1)
del t aENb
ousa= Na-Np = ———
kT

The denominator is:
nsa= Nb+Na == Nb ((1+deltaE/s (kT)) +1)

del taE
kT

outs4)= Na + Nb = [2 +

Since deltaE/(kT) << 1,
inss):= Na+ Nb == (2) Nb

outs5)= Na + Nb == 2 Nb
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And

del t aENb
ins6:= del taP == (Na - Nb) / (Na +Nb) == [?] / (2 Nb)

Na-No deltaE
ouse]= del taP == -
Na + Nb 2 kT

Pulses and time evolution for a single spin

m Pulses
Rotations along the x' and y' axis are represented as matrices. The new wavefunction is generated by multiplying the
old wavefunction by the rotation matrix. For a pulse of angle along the x'-axis the matrix is:

in[s7):= Rx[al

Cos[3] iSin[3]
Out[57]=

isSin[%] Cos|[Z]

a
2

For a pulse along the y'-axis, the matrix is:

inse:= Ry [a]
Cos[3] sin[7]
Out[58]= . a a
-Sin[3] Cos[7]

For example, a pi/2 pulse along the x'-axis applied to psiA:

9= RX[Pi /27. psi A

1 i
Out[59]= {71 }
V2o V2
In[60]:= al | MagPsi [{%’ %}]
<Ix> =10
1
<ly> = E
<lz> =0

confirming that the magnetization is rotated from the z-axis to the y'-axis. A pulse along the y'-axis:
ne1:= Ry [Pi /2].psiA

J

1 1
NFRENCY

Out[61]= {

ine2= al | MagPsi [{L __}]

V2 2
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1
<IX> = - —

2
<ly> =0
<lz> =0

This shows that the rotations follow the left-hand convention.

The library also includes some functions for specific pulses:
Pulses along the x-axis:

psiPulseX

psiPi2x (a pi/2 pulse)

psiPix

Pulses along the y'-axis

psiPulseY

psiPulsePi2y (a pi/2 pulse)

psiPiy

Some more examples:

ine3:= Psi Pul seX[psi A, Pi /2]
1 1

= v

infe4]:= PSi Pi 2x [psi A]
1 1

V2o V2 }
in[es]:= PSi Pi 2x [psi B]

out[63]= {

out[64]= {

1 1
out[65]= { , —}
vz Az
infe6]:= PSi Pi 2y [psi B]
1 1
out[66]= {—, —}
V2 2z

The operations for the pulses and for calculating the magnetization components don't have to be done separately:

ine7):= al | MagPsi [psi Pi 2y [psi A]l]

1
<IX> = - —
2
<ly> =0
<lz> =0

ines:= al | MagPsi [psi Pi 2y [psi B]1

<Ix> =

<ly> =

© O Nk

<lz> =
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Time evolution

Like pulses, the effects of time evolution in stationary magnetic field are calculated by matrix multiplication. In this
case, it is the matrix form of the Hamiltonian operator. For the purposes of calculations, it is convenient to express
the energies of the |a> and |b> states in terms of the frequency of radiation required to stimulate a transition:

deltaE = h nu = gamma B/(2 Pi)

where h is Planck's constant, and gamma is the gyromagnetic ratio, and B is the strength of the external magnetic
field. The energies of the two states are:

Ea = -gamma B/(4 Pi) = -h nu/2

Eb = gamma B/(4 Pi) = h nu/2

If these equations are divided by Planck's constant, the energies are expressed in units of h. This, then, allows all of
the calculated results for the time-dependent changes in the wavefunction and magnetization components to be
expressed in terms of the resonance frequency, nu.

Following this convention the Hamiltonian matrix is given by:
in[eol:= H[t, nu]

ennunl 0

e

Oout[69]= inust

The general form of the time-dependent wavefunction is:
inf7ol:= H[t, nul. psi Gen
out[70]= {ca elinurt ., cb e-inunt }

where ca and cb are the complex coefficients in the starting wavefunction.

Calculate what happens following a pi/2-x pulse to the psiA wavefunction:
in71:= H[t, nul. psi Pi 2x[psi A]

eﬁnunt je—ﬂnuth

Out[71]= ’

V2 V2

The library also contains a function for calculating the time-dependent wavefunction: psiTime[psi,t]

in[72:= PsSi Ti me[psi Pi 2x[psi A], t]

einunt je—lnunt
Oout[72]= { ’
V2 V2
inurt ie—inunt
inj73)= al | MagPsi [{ , }]
V2 V2

1
<Ix> = ESin[anJTt]

1
<ly> = ECOS[ZI‘IUJT'[]
<lz> =10

Calculate what happens to spins in psiB-state after the same pulse:
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in[74:= PsSi Ti me[psi Pi 2x[psi B], t]

]iejlnunt e—lnu7Tt
Out[74]= ’

V2 V2

inf7s:= al | MagPsi [%]

1
<IX> = -——Sin[2nut]
2

1
<ly> = —ECos[Znuzrt]

<lz> =10

The magnetization components for the spins that begin in the two state always point in opposite directions, so that the
net magnetization is that of the small excess that began in the psiA state.

Wavefunctions and operators for a coupled spin pair

Remove definitions from oneSpinLib and load twoSpinLib:

in[76:= Renpve ["NVR oneSpi nLi b™ " ]
in[771:= << NMR t woSpi nLi b”
in[78):= Names [" NVR t woSpi nLi b™ *" ]

ou7gl= {a, all Cor Psi, al | Cor Rho, al | MagPsi, al | MagRho, caa, cab, cba, cbb, deltaPi, deltaPs,
H, Hc, Hclnv, Hnv, Hs, Hsinv, i, Ix, I xSx, I xSy, IxSz, ly, 1ySx, lySy, lySz, 1z, 1zSx,
1zSy, 1zSz, i $, J, neanPsi, meanRho, nul, nuS, op, opBasi sRep, opNanes, opNanes$,
opVal ues, opVal ues$, psi, psi AA psi AB, psi BA psi BB, psi Gen, psi Pi 21 x, psiPi2ly,
psi Pi 2Sx, psi Pi 2Sy, psi Pi 2x, psi Pi 2y, psi Pilx, psiPily, psiPi Sx, psi Pi Sy, psi Pi X,
psi Piy, psi Pul sel x, psi Pul sely, psi Pul seSx, psi Pul seSy, psi Pul seX, psi Pul seY,
psi Ti me, psi Ti mreC, psi Ti meS, rho, rhoEq, rhoGen, rhoPi 21 x, rhoPi 21y, rhoPi 2Sx,
rhoPi 2Sy, rhoPi 2x, rhoPi 2y, rhoPi | x, rhoPi Iy, rhoPi Sx, rhoPi Sy, rhoPi x, rhoPiy,
rhoPul sel x, rhoPul sely, rhoPul seSx, rhoPul seSy, rhoPul seX, rhoPul seY, rhoTi e,
rhoTi meC, rhoTimeS, Rix, RixInv, Ry, Riylnv, RSx, RSxlnv, RSy, RSylnv, Sx, Sy, Sz, t}

The general form of the wavefunction for a scalar coupled spin pair can be written as:
caa psiAA + cab psiAB+ cba psiBA+ cbb psiBB
with the basis set defined in vector form as:

In[79:= PSi AA
our79= {1, 0, 0, 0}
In[so]:= psSi AB
ougo= {0, 1, 0, 0}
ing1]= PSi BA
oufs1= {0, 0, 1, 0}
in[s2]:= psi BB

Out[82]= {0, 0, 0, 1}



The general form of a wavefunction can be written in vector form as:
In[83):= Psi Gen

out[s3}= {caa, cab, cba, cbhb}

There are now six magnetization operators:

ingal= | X
1
0 O > 0
000 ;
Out[84]= 1
>~ 0 0 O
2
1
0 > 0 0
nss= 1y
00 -2 o0
000 -3
Out[85]= .
00 0
2
0 > 0 0
in[gel= 1z
1
7 0 0 0
0 0 0
out[86]= .
00 -2 0
1
oo0oo0 -1
In[87):= SX
1
0 > 0 0
;000
out[87]= .
0 0 O >
00 lo
In[ss]:= Sy
0 -5 0 0
50 00
Out[88]= .
0 O 0 —%
0 0 > 0

MathematicaSupplement_cmr.nb
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Injgo):= Sz
1
7 0 0 0
0 -3 00
out[89]= 1
0 0 > 0
1
00 0 -3

The average magnetization components are calculated by applying the operator to the wavefunction and multiplying
the result by the complex conjugate of the wavefunction. For instance, to calculate the average magnetization of the I-
spin along the z-axis for the psiAA state:

injeo:= Conj ugat e[psi AA]. | z. psi AA
1
Out[90]= —
ut[90] 5
The twoSpinLib package includes a function to calculate all of the average magnetization components for a given
wavefunction:

in1:= al | MagPsi [psi AA]

<Ix> =0 <Sx> =0
<ly> =0 <Sy> =0
1 1
<lz> = — <Sz> = —
2 2

Thus, the psiAA wavefunction represents a state in which the magnetization of both spins is aligned with the positive
Z-axis.
For psiAB:

injez):= al | MagPsi [psi AB]

<Ix> =20 <Sx> = 0
<ly> =10 <Sy> =0
1
<lz> = — <Sz> = - —
2 2

In this case, the | magnetization is aligned with the positive z-axis and the S magnetization is aligned with the nega-
tive z-axis.

Four other wavefunctions are used extensively as examples in the text. Three of these are generated by applying
pulses to some of the basis set wavefunctions. As for the one-spin case, the effects of pulses are calculated using
special rotation matrices. For a pulse of angle a to the I-spin along the x-axis, the rotation matrix is:

ine3)= RIx[a]

Cos[3] O isin[3] O
. 0 Cos[3] O isin[Z]
M T isin(z) o cos[2] 0

0 isin[2] © Cos [ 5]

The example wavefunction psiA is defined as the result of applying a pi/2 pulse along the x-axis to the S-spin of the
psiAA state:



In94):= PSi A = RSX[Pi /2].psi AA

, 0, o}

0

1

2

0

1 i

out[94]= {7,

V2o W2
injesl:= al | MagPsi [psi A]
<Ix> =0 <SX>
<ly> =10 <Sy>

1
<lz> = — <Sz>

2

The S magnetization is rotated to the y-axis, as expected.

MathematicaSupplement_cmr.nb

The twoSpinLib package includes special functions for pi and pi/2 pulses to either spin, one of which is used below to

calculate another of the example wavefunctions.
infosl:= PSi B = psi Pi 2Sx [psi BA]

“ )

out[96]= {0, 0, )
\2 \2

1

injo7}:= al | MagPsi [psi B]

<Ix> =

<ly> =

<lz> =

A pulse to both spins is calculated by multiplying the wavefunction by one rotation matrix and then multiplying the

0

2

<SX>

<Sy>

<Sz>

0

1

2

=0

result by the other matrix:

infog]:= psi C = RIX[Pi /2]. RSX[Pi /2]. psi AA

J

Although matrix multiplication is not, in general, commutative, multiplications by the rotation matrices can be carried

Out[98]= { E,

1

i
2

out in either order:

injeo:= RSX[Pi /2]. RIX[Pi /2]. psi AA

}

Out[99]= { E,

1

i

1

2

1

2>

2

infro0;:= al | MagPsi [psi C]

<Ix> =

<ly> =

<lz> =

The other wavefunction used for examples in the text is psiD:

0

Ay

2
0

<SX>

<Sy>

<Sz>

0

0
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[ro1)= psib = {0, 1/Sqrt [2], 1/Sqrt[2], O}
1 1

S 0}
V2o 2

This wavefunction is not so easy to generate from one of the basis wavefunctions, but has very interesting properties:

out[101)= {0,

in[f102):= al | MagPsi [psi D]

<Ix> =0 <Sx> =0
<ly> =0 <Sy> =0
<lz> =0 <Sz> =0

There is no net magnetization in any direction! For any measurement of individual particles, the two possible out-
comes, 1/2 and -1/2 will be obtained with equal probability.

Product operators and correlations

The product operators are generated by multiplying the corresponding operator matrices:

in[103:= | X. SX

1
0 0 O 7
1
0 O 7 0
Out[103]= 1
0 7 0 O
1
7 0 0 O
in[1041:= | X. Sy
00 0 -7
00 ;0
out[104]= ,
0 -~ 0O
4
7 0 0 O
in[105):= | X. Sz
1
0 O 7 0
00 0 -7
ouf108]= | ,
7 0 00O
1
0 -7 00
in[106]:= ly. SX
0 O -7
0 -7 0

out[106]=

] o o
O a=
o o
o o



MathematicaSupplement_cmr.nb 17

in[107:= ly. Sy
1
0 0 0 - 7
0 0 ;0
out[107]= N
7 0 0
1
-7 000
in[108}:= ly. Sz
i
0 0 -7 0
00 o
Out[108]=
20 0 0
4
0 - 7 0 0
Inf109):= | z. Sx
1
0 ;0 ©
00 o0
out[109]= N
0 0 O -7
1
0 0 - 7 0
in[110:= 1 z. Sy
0 - 7 0 0
>0 0 o
out[110]= .
0 0 O 7
0 0 -7 0
n[111)= 1 z. Sz
1
7 0 0 0
0 -; 0 0
out[111]= 1
0 0 -7 0
1
0 0 0 7

The product operator matrices are also defined in the twoSpinLib, with symbols IxSx, xSy, etc.
The average value of the product is calculated in the same way as the average magnetization components. For
instance, to calculate the average product 1zSz for the psiAA wavefunction:

n1121:= Conj ugat e[psi AA]. | zSz. psi AA

1
out[112]= —
4

A special function is provided to calculate all of the product averages for a wavefunction:

in131= al | Cor Psi [psi AA]
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<IxSx> =0 <IXxSy> =0 <IxSz> =0
<lySx> = 0 <lySy> = 0 <lySz> = 0
1
<lzS> =0 <lzSy> =0 <lz8> = —
4

This result is consistent with the fact that, for this wavefunction, <lz> = <Sz> = 1/2, and all of the other average
magnetization components are zero.

For psiA, generated by applying a pi/2-x pulse to the S spin:
inf1141:= al | Cor Psi [psi A]

<IxSx> = 0 <IxSy> = 0 <IxSz> =0

<lySx> = 0 <lySy> = 0 <lySz> = 0
1

<lzSx> = 0 <lzSy> = — <1zSz> = 0
4

The net correlation changes along with the magnetization component.

For the wavefunction psiD

in[115):= al | Cor Psi [psi D]

1
<I XSx> = " <IxSy> = 0 <IxSz> = 0
<lySx> = 0 <lySy> = — <lySz> = 0
1
<lzSx> = 0 <lzSy> = 0 <lzSz> = 747

Even though all of the average magnetization components are zero, there are three non-zero product averages,
indicating correlations between Ix and Sx, ly and Sy, and Iz and Sz measured for individual spin pairs.

Pulses and time evolution for a scalar-coupled spin pair

The matrices used to calculate the effects of a pulse on the wavefunction have been introduced earlier. These
pulses can change the correlations associated with a wavefunction, as well as the observable magnetization. For
instance, starting with the psiAA wavefunction:

m Pulses

n116):= al | MagPsi [psi AA]

<Ix> =0 <Sx> =0
<ly> =10 <Sy> =0
1 1
<lz> = — <Sz> = —
2 2

np171:= al | Cor Psi [psi AA]



<IxSx> =0 <IXxSy> =0 <IxSz> =0
<l ySx> 0 <lySy> = 0 <lySz> 0
1
<lzS> =0 <lzSy> =0 <lzS8z> = n
Applying a pi/2-x pulse to the S-spin
in[118]:= Psi Pi 2Sx [psi AA]
1 i
Out[118]= {— , 0, 0}
Y
1 i
in119:= al | MagPsi [{— —' 0,0 ]
v2 w2
<Ix> =10 <Sx> =0
I 0 S !
< > = < > = —
y Yy 5
1
<lz> = — <Sz> =0
2
1 i
inf120:= al | Cor Psi [{— — 0,0 ]
v2 w2
<l xSx> 0 <l xSy> 0 <l xSz> 0
<lySx> = 0 <lySy> =0 <lySz> = 0
<l zSx> 0 <l zSy> — <lzSz> = 0

The 1z component of the 1zSz correlation is rotated to the y-axis.
A subsequent pi/2-x pulse to the S-spin:

in[121]:= psi Pi 2Ix[{ ! - 0, 0}]

V2 V2
1 i 1 1
ouf121y= { — —, —, - —
v {2 2" 2 2}

1 i 1 1
in22)= al | MagPsi |{—, —, —, -—
22 osi {5 5 5 -3}
<Ix> =0 <Sx> =0
| ! S !
<ly> = — <Sy> = —

2 2
<lz> =0 <Sz> = 0

inf123)= al | Cor Psi [{; i_, ; _%}]

MathematicaSupplement_cmr.nb
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<IxSx> =0 <IXxSy> =0 <IxSz> =0
1

<lySx> = 0 <lySy> = Z <lySz> = 0

<lzSx> = 0 <lzSy> =0 <lzSz> =0

The original 1zSz correlation is now converted into an lySy correlation.

A pulse applied to the psiD wavefunction:

inf124:= psi D

1 1
out[124]= {0, _— — 0}

ey
in[125):= al | MagPsi [psi D]
<Ix> =0 <Sx> =0
<ly> =0 <Sy> =0
<lz> =0 <Sz> =0

inf126):= al | Cor Psi [psi D]

1
<IXSx> = — <IxSy> =0 <IxSz> = 0
4
1
<lySx> = 0 <lySy> = Z <lySz> = 0
1
<lzS> =0 <lzSy> =0 <lz8> = -—
4

in1271:= Psi Pi 21 x [psi D]

i1 1 1
ouf127]= 1 —, —, —, —
e {2 2 2 2}

i 1 1 41
infi2e= al | MagPsi [{—, —, —, —
e [{2 2 2 2}:|
<Ix> =0 <Sx> =0
<ly> =10 <Sy> =0
<lz> =0 <Sz> = 0

There are still no net magnetization components.

i 1 1 i
nf1291= al | Cor Psi - = -, -
129 {3z 2 3 2]
1
<I xSx> = — <IxSy> =0 <IxSz> =0
4
1
<lySx> = 0 <lySy> = 0 <lySz> = - —
4
1
<lzSx> = 0 <l zSy> = _Z <lzSz> = 0

The pulse along the x-axis does not affect IxSx, but -lySy is converted to 1zSy and -1zSz is converted to -lySz.
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Time evolution

The time evolution in a stationary magnetic field is calculated using the Hamiltonian operator, which is represented in
matrix form as:

in[130}:= H[t, nul, nuS, J]

e]i (—:—mul +nUS) it 0 0 0
0 ejl (;—mul —nuS) it 0 0
Out[130]= 3
0 0 ejl (5—nul +nuS> it 0
0 0 0 eﬁ (7'217nu| 7nuS) it

where, nul and nuS are the Larmor frequencies of the two spins in the absence of scalar coupling, and J is the
coupling constant. In this representation, the energies of the four states are specified by the frequencies and the
coupling constant. The general form of the time-dependent wavefunction is:

n131:= H[t, nul, nuS, J]. psi Gen
ouf131]= {caa ol (f?nul +nuS) it . cab ot (%mul 7nuS> it  cha ot (%nul +nus) it . cbb &t <7;"nu| 7nuS) it }

where caa, cab, cba and cbb are the initial values of the complex coefficients. The calculation is incorporated into a
function, psiTime, for which only the wavefunction and time are explicitly specified:

in[132]:= psSi Ti me[psi Gen, t]

. J N PN 3
out[132]= {caa en (—Emul +nuS) it ’ cab el (5+nul —nuS) nt7 cba el (E—nul +nuS] it , cbb (El (—E—nul —nuS) it }

m Evolution of observable magnetization.
Starting with psiA:
In[133:= psi Ti me[psi A, t]
ei (—;mul +nus) nt i eﬁ (;mul 7nus) it
out[133]= { , , 0, 0}
V2 V2

i (-;—mul +nuS) nt

N § (J—+nul -nuS) nt
1e 2

inf1343:= al | MagPsi [{

0. 0)]

V2 V2
1
<Ix> =0 <Sx>:7£S|n[(J72nuS>7rt}
1
<ly> =10 <S}/>:ECOS[(J—2nuS)7rt]
1
<lz> = — <Sz> =0
2

Since Sin(-x) = -Sin(x), the expression for <Sx> can be rewritten as: = Sin[(2nuS-J) it ]

N[ NP

Since Cos(-x) = Cos(x), the expression for <Sy> can be rewritten as: = Cos [ (2nuS-J) st ]

The magnetization precesses with frequency nuS-J/2.

Starting with psiB:, where <ly> = 1/2 and <Sz> = -1/2
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in[13s):= al | MagPsi [psi Ti ne[psiB, t]]

1
<Ix> =0 <SX> = ESin[(J+2nuS)ﬂt}
1
<ly> =10 <Sy>:EOOS[(J+2nuS)7Tt}
1
<lz> = -— <Sz> =0

The result is the same as for psiA, except that the frequency is now nuS + J/2.

Starting with psiC, where <ly>=1/2 and <Sy>=12, and there is no net z-magnetization for either spin:

in[136]:= al | MagPsi [psi Time[psiC, t]]
<Ix> =

1
Cos[Jnt]Sin[2nul nt] <SX> = E@S[Jﬂt]Sin[anSﬁt]

<ly> = (Cos[(J-2nul) nt] +Cos[(J+2nul) xt])

NP NP

1
<Sy> = Z (Cos[(J-2nuS) nt] +Cos[(J+2nuS) nt])
<lz> =0 <Sz> = 0

For the ly and Sy components, there are two frequency components for each. The expressions for the Ix and Sx
components are less clear, but can be rewritten using trigonometric identities built into the Mathematica TrigReduce
function.

For Ix:

1
In[137]:= Tri gReduce[E Cos[Jnxt]Sin[2nul xt ]]

(-Sin(dnxt -2nul nt]+Sindxt +2nul nt])

FNQEN

out[137]=

For Sx:
. 1 .
In[138]:= Tri gReduce[E Cos[Jnt]Sin[2nuSxt ]]

out[138]= (-Sin(Jxt -2nuSxt] +Sin[Jxt +2nuSnt])

1
4
Each spin gives rise to two frequencies, separated by the coupling constant J, even though there is only a single
wavefunction.

m Evolution of correlations

In[139]:= psSi A

1
S . 0, 0}
V2o 2

out[139]= {
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in[140]:= psi Time[psi A t]

i (—;—mul +nuS) it i (;—mul —nuS) it

e ie

out[140]= { , , 0, 0}

V2 V2
in[141):= al | Cor Psi [psi Ti ne[psi A, t]]
<IxSx> =0 <IxSy> =0 <IxSz> =0
<lySx> = 0 <lySy> = 0 <lySz> = 0

1 1

<Isz>:—ZS|n[<J—2nuS)7rt] <l zSy> = ZOos[(.]—ZnuS)JTt] <lzSz> = 0

To simplify the expressions for the correlations that evolve from psiC, nul and nuS are both set to 0.

in421= al | MagPsi [psi Tine[psiC, t]1 /. {nul - 0, nuS- 0}]

<Ix> =0 <SXx> =0

1 1
<|y>:ECDS[J7Tt] <Sy>:EOOS[J7rt}
<lz> =0 <Sz> =0

inf143:= al | Cor Psi [psi Tine[psiC, t] /. {nul » 0, nuS- 0}]

1
<IxSx> =0 <IxSy> =0 <IXSZ>:—ZSin[JHt}
1
<lySx> = 0 <lySy> = " <lySz> = 0
1
<|ZSX>:—ZS|n[J7Tt] <lzSy> = 0 <lzSz> = 0

Remove the restriction that nul=0 and nuS=0

in[1441:= al 1 MagPsi [psi Tine[psiC, t]]
. 1 .
<I x> = Cos[Jrnt]Sin[(2nul nt] <SX> = EOos[Jth]Sln[ZnuSntJ

<ly> = (Cos[(J-2nul) nt] +Cos[(J+2nul) nt])

1
<Sy> = (C0S[(J-2nUS) nit] + oS (I +2nuS) 1t ])
<lz> =0 <Sz> =0

inf145:= al | Cor Psi [psi Tine[psiC, t]]
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(Sin[2 (nul -nuS) 7t ] +Sin[2 (nul +nuS) t])

| -

1
< XSx> = 47Sin[2nul nt]Sin[2nuSst ] <l xSy> =

1
<IxSz> = s (-Sin[(J-2nul) nt]-Sin[(J+2nul) xt])

1
<lySx> = s (-Sin[2 (nul -nuS) nt] +Sin[2 (nul +nuS) nt]) <lySy> =
1 1
g (Cos[2 (nul —nuS) nt] +Cos[2 (nul +nuS) nt]) <lySz> = ZSi n[Jxt]Sin[2nul nt]
1
<l zSx> = s (-Sin[(J-2nuS) nt] -Sin[(J+2nuS) 7t ])
1
<l zSy> = 4—Sin[.] nt]Sin[2nuSst] <lzSz> = 0

The evolution of the IxSz, lySz, 1zSx and 1zSy correlations are accounted for by the complementary evolution of the
observable transverse magnetization components.

For each of the transverse correlations (IxSx, IxSy, lySx and lySy), the average value can be represented as the
product of the projections of two precessing vectors onto the corresponding axes. In some cases, though, the expres-
sions returned by Mathematica must be re-written:

For IxSx
1
in[146):= "<l xSx> =" Z Sin[2nul ®xt]Sin[2nuSxt]
1 . .
Out[146]= Z <IxSx> = Sin[2nul 7t]Sin[2nuSnt]
For IXSy
1 . .
In[147:= "<l xSy> = " g (Sin[2 (nul =nuS) 7t ] +Sin[2 (nul +nuS) xwt])
1
out[147]= g <IxSy> = (Sin[2 (nul -nuS) 7t ] +Sin[2 (nul +nuS) xt])
This can be rearranged using trigonometric identities
. 1 .
inf148):= Tri gFact or [g (Sin[2 (nul =nuS) 7t ] +Sin[2 (nul +nuS) xt ])]
1
out[148]= n Cos [ (nul -nuS) wt - (nul +nuS) 7t ] Sin[(nul -nuS) st + (nul +nuS) rt ]
Simplifying the arguments of the cosine and sine functions
1 .
In[149]:= Z Cos[2nuSxt] Sin[2nul xt]
1
out[149]= Z Cos[2nuSsxt]Sin(2nul nt)

For lySx, simplify as above
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in[150:= " <lySx> =

" E (-Sin[2 (nul =nuS) 7t ] +Sin[2 (nul +nuS) nwt])

out[150]= g <lySx> = (-Sin[2 (nul -nuS) 7nt] +Sin[2 (nul +nuS) nt])

1
in[1s1):= Tri gFactor [g (-Sin[2 (nul -=nuS) wt] +Sin[2 (nul +nuS) xt ])]

ouff1s1)= - — Cos [ (nul -nuS) st + (nul +nuS) st ] Sin[ (nul -nuS) st - (nul +nuS) it ]

In[152]:= Z Cos[2nul wt]Sin[2nuSxt]

out[152]= Z Cos[2nul nt]Sin[2nuSst]
For lySy
in[153= "<lySy> =

" g (Cos[2 (nul =nuS) wt] +Cos[2 (nul +nuS) wt])

1
out[153]= g <lySy> =

(Cos (2 (nul -nuS) nt] +Cos[2 (nul +nuS) nt])
) 1
inf1541:= Tri gFact or [g (Cos[2 (nul =nuS) nt] +Cos[2 (nul +nuS) xt ])]

Out[154]= Z Cos [ (nul -nuS) nt - (nul +nuS) st ] Cos[ (nul -nuS) nt + (nul +nNuS) nt]

In[155]:= Z Cos[2nul wt] Cos[2nuSt]

out[155]= 4— Cos[2nul nt] Cos[2nuSt]

Each of the expressions for time evolution of correlations can also be written as sums of trigonometric functions
For IxSx

in[156]:= " <l XSx> =

"4—Si ni2nul 7t]1Sin[2nuSxt]

out[156]= — <I XSx>
4

Sin(2nul nt]Sin[2nuSst]

1
In[157):= Tri gReduce[4— Sin[2nul 7t]Sin[2nuSnrt ]]

Out[157]=

| -

(Cos(2nul nt -2nuSnt] -Cos[2nul nt +2nuSnt])

In[158]:= g (Cos[2 (nul =nuS) wt] -Cos[2 (nul +nuS) xwt])

Out[158]=

|

(Cos[2 (nul -nuS) nt] -Cos[2 (nul +nuS) nt])

25



26 | MathematicaSupplement_cmr.nb

For IxSy
1 .
in[159:= "<l xSy> =" g (Sinf2 (nul =nuS) 7t ] +Sin[2 (nul +nuS) xwt])
1
Out[159]= g <IxSy> = (Sin[2 (nul -nuS) 7wt ] +Sin[2 (nul +nuS) t])

inj160;:= ForlySx

0 0 0 i l;or

0 0 _i l;or 0
Out[160]= “f% 0 0

L0 0 0

1
nf161= " <lySx> =" g (-Sin[2 (nul -=nuS) wt] +Sin[2 (nul +nuS) xt])

1
out[161]= g <lySx> = (-Sin[2 (nul -nuS) 7nt] +Sin[2 (nul +nuS) nt])
For lySy

1
n[162= "<lySy> =" g (Cos[2 (nul =nuS) wt] +Cos[2 (nul +nuS) xwt])

1
out[162]= g <lySy> = (Cos[2 (nul -nuS) 7t ] +Cos[2 (nul +nuS) nt])
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Populations of with multiple wavefunctions

= Equilibrium

The relative populations of two states at thermal equilibrium are give by the Boltzmann equation:
Na/Nb = Exp[-(Ea-Eb)/(k T)]

When the absolute value of deltakE << k T, this can be approximated as:

Na/Nb = 1-(Ea-Eb)/(k T)

Making the simplifying assumptions that:

1. The only states present for the coupled two-spin system are psiAA, psiAB, psiBA and psiBB

2. The energy associated with the scalar coupling constant, J, does not significantly affect the populations

If the energy differences for the two transitions are deltaEl and deltaES, then the energies of the individual states are
written as:

Eaa = -(deltaEl+deltaES)/2
Eab = -(deltaEl-deltaES)/2
Eba = (deltaEl-deltaES)/2

Ebb = (deltaEl+deltaES)/2

The fraction of molecules in each state is:

N/Nt = Exp[-E/(k T))/Sum[Exp(-E/(k T)]
where the sum in the denominator is over all of the states. For small energies relative to k T

N/Nt = (1 - E/(K T))/Sum[1-E/(k T)]

Sum[1-E/(k T)] = (1 + (deltaEl+deltaES)/2) + (1 + (deltaEl-deltaES)/2)) + (1 - (deltaEl-deltaES)/2) + (1 - (deltaEl+delta-
ES)/2) =4

Naa/Nt = (1 + (deltaEl+deltaES)/(2 k T))/4
Nab/Nt = (1 + (deltaEl-deltaES)/(2 k T))/4
Nba/Nt = (1 + (deltaEl-deltaES)/(2 k T))/4
Nbb/Nt = (1 + (deltaEl+deltaES)/(2 k T))/4

Define population differences as:

deltaPl = deltaEl/(2 k T)
deltaPS = deltaES/2 k T)

Then, the fractional populations are given by:

faa = Naa/Nt = 1/4(1 + deltaPI + deltaPS)
fab = Naa/Nt = 1/4(1 + deltaPI - deltaPS)
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fba = Nba/Nt = 1/4(1 - deltaPI + deltaPS)
fbb = Nbb/Nt = 1/4(1 - deltaPI - deltaPS)

ne3= faa=1/4 (1 +deltaPl +deltaPS)
1
oufie3= — (1 +del taPl +deltaPS)
npe4= fab = 174 (1 + deltaPl - del t aPS)

out[164]= (1 +deltaPl -deltaPS)

o PP

ines)= fba = 1 /4 (1 - del taPl + del t aPS)

out[165]= (1 -deltaPl +deltaPS)

1
4
npee= fbb = 174 (1 - deltaPl - del taPS)

1
oufie6)= — (1 -del taPl -del taPS)

npe7)= faa+fab+fba+fbb

1
out[167]= (1 -deltaPl -deltaPS) + Z (1 +deltaPl -deltaPS) +

1
4
1 1

Z (1 -deltaPl +deltaPS) + 4— (1 +deltaPl +deltaPS)

inf168):= Sinmplify[%]

outfieg}= 1

Calculate the average Iz magnetization at equilibrium:

npeoy= faal/2 + fabl/2 - fbals/s2 -fbb1/2

1
out[169]= (-1 +deltaPl -deltaPS) + g (1 +deltaPl -deltaPS) +

|

| -

1
(-1 +deltaPl +deltaPS) + g (1 +deltaPl +deltaPS)

inf701:= Sinplify[%]

del t aPI

out[170]= 5

Average Sz magnetization at equilibrium:

np71= faal/2 - fab1l/2 + fbal/s2 -fbb1/2
1 1
out[171]= g (-1 -deltaPl +deltaPS) + g (1 -deltaPl +deltaPS) +

1
(-1 +deltaPl +deltaPS) + g (1 +deltaPl +deltaPS)

| -
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in[172):= Siplify[%]

del t aPS

out[172)= 5

Average product 1zSz

np73= faal/4 - fabl/4 - fbals/4 + fbbl/4
1 1
out[173]= 16 (1 -deltaPl -deltaPS) + 16 (-1 +deltaPl -deltaPS) +

1 1
— (-1 -deltaPl +deltaPS) + — (1 +deltaPl +deltaPS)
16 16

in[174]:= Sinplify[%]
outf174}= 0
Average magnetization components and products following a pi/2x pulse to the S-spin. The symbols faa, fab, fba, fbb

are used to represent the populations that began in the corresponding states but have now been changed by the
pulse.

n17s)= al | MagPsi [psi Pi 2Sx [psi AA] ]

<Ix> =0 <Sx> =0
1
<ly> =0 <Sy> = —
2
1
<lz> = — <Sz> =0
2

n[176):= al | MagPsi [psi Pi 2Sx [psi AB] ]

<Ix> =0 <Sx> =0
1
<ly> =20 <Sy> = - —
2
1
<lz> = — <Sz> =0
2

n77):= al | MagPsi [psi Pi 2Sx [psi BA] ]

<Ix> =0 <Sx> = 0
1
<ly> =20 <Sy> = —
2
<lz> = -— <Sz> =0
2

n[17g):= al | MagPsi [psi Pi 2Sx [psi BB] ]

<Ix> =20 <Sx> = 0
1
<ly> =0 <Sy> = - —
2
1
<lz> = -— <Sz> =0
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The average Sy magnetization

np7o= faals/2 -fabl/2 + fbaly/s2 -fbb1/2

1
out[179]= (-1 -deltaPl +deltaPS) + s (1 -deltaPl +deltaPS) +

1
8

1
(-1 +deltaPl +deltaPS) + s (1 +deltaPl +deltaPS)

| K

in[280):= Sinmplify[%]
del t aPS

out[180]=

Correlations following the pi/2 pulse to the S-spins

ni81:= al | Cor Psi [psi Pi 2Sx [psi AA] ]

<IxSx> =0 <IxSy> =0 <IxSz> =0

<lySx> = 0 <lySy> = 0 <lySz> = 0
1

<lzSx> = 0 <l zSy> = Z <1zSz> = 0

in[i82):= al | Cor Psi [psi Pi 2Sx [psi AB] ]

<IxSx> =0 <IxSy> =0 <IxSz> =0
<lySx> = 0 <lySy> = 0 <lySz> = 0
<lzS> =0 <lzSy> = -— <lzSz> =0

4
in[183):= al | Cor Psi [psi Pi 2Sx [psi BA] ]

<IxSx> = 0 <IxSy> = 0 <IxSz> = 0

<lySx> = 0 <lySy> = 0 <lySz> = 0
1

<lzSx> = 0 <1zSy> = 2 <1zSz> = 0

inf1841:= al | Cor Psi [psi Pi 2Sx [psi BB] ]

<IxSx> =0 <IxSy> =0 <IxSz> = 0

<lySx> = 0 <lySy> = 0 <lySz> = 0
1

<lzSx> = 0 <l zSy> = — <1zSz> = 0
4

The only non-zero correlation is 1zSy.
The average 1zSy correlation is calculated as:
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npesi= faal/4 - fabl/4 - fbals4 + fbbl/4
1 1
out[185]= E (1 -deltaPl -deltaPS) + E (-1 +deltaPl -deltaPS) +

1 1
— (-1 -deltaPl +deltaPS) + — (1 +deltaPl +deltaPS)
16 16

in[186):= Si nmplify[%]

outf186]= 0

Time evolution following the pi/2x pulse to the S spin:
For the population that begins in the psiAA state:

in[187):= al | MagPsi [psi Ti ne[psi Pi 2Sx[psi AA], t]]

1
<Ix> =0 <SX>:—ESin[(J—2nuS)7rt]
1
<ly> =0 <$>:ECDS[(J—2I’IUS)H'[}
1
<lz> = — <Sz> =0
2

For the population that begins in the psiAB state:

inpiss)= al | MagPsi [psi Ti ne[psi Pi 2Sx[psi AB], t1]

1
<Ix> =10 <SX> = ESin[(J72nuS)nt}
1
<ly> =0 <Sy>:—EOOS[(J—2nuS)7rt]
1
<lz> = — <Sz> =0
2

For the population that begins in the psiBA state:

in[189:= al | MagPsi [psi Ti me[psi Pi 2Sx[psi BA], t]]

1
<Ix> =10 <SX> = ESin[(J+2nuS)7rt]
1
<ly> =0 <Sy>:EOOS[(J+2nuS)7rt]
1
<lz> = - — <Sz> =0
2

For the population that begins in the psiBB state:

inro0):= al | MagPsi [psi Ti ne[psi Pi 2Sx[psi BB], t1]
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1
<Ix> =0 <Sx>:7£Sin[(J+2nuS)7rt}
1
<ly> =10 <Sy>:—EOOS[(J+2nuS)JTt}
1
<lz> = -— <Sz> =0

The weighted average for Sy

+

1 1
In[191]:= faa[EOos[(J—ZnuS)nt]] + fab (—EQ)S[(J—ZI’]US) nt]]

1 1
f ba [EQ)S[(J +2nuS)7rt]] + fbb (—ECDS[(J +2nuS)7rt]]

(1 +deltaPl -deltaPS) Cos[(J-2nuS) nt] + — (1 +deltaPl +deltaPS) Cos[(J-2nuS) nt] -

Out[191]= -

(1 -deltaPl -deltaPS) Cos[(J+2nuS) nt] + — (1 -deltaPl +deltaPS) Cos[(J+2nuS) nt]

inf1921:= Si nplify[%]
1
out[192]= 4— del taPS (Cos[(J-2nuS) nt] +Cos[(J +2nuS) it ])

The weighted average for Sx:
1 1
in[ro3)= faa [-ESi n[(J-2nuS) nt ]] + fab [5 Sin[(J-2nuS) xt ]] +

1 1
f ba [ESin[(J +2nuS)7rt]] + fbb (—ESin[(J +2nuS)7rt]]

1
(1 +deltaPl -deltaPS) Sin[(J-2nuS) nt] 7§ (1 +deltaPl +deltaPS) Sin[(J-2nuS) nt] -

| -

Out[193]=

1
(1 -deltaPl -deltaPS) Sin[(J+2nuS) nt] +§ (1-deltaPl +deltaPS) Sin[(J+2nuS) nt]

| -

inf1941:= Si nplify[%]

1 .
out[194]= E deltaPSCos[J nt] Sin[2nuSrt]
in[195):= Tri gReduce[%]

1 . .
Out[195]= n (-deltaPSSin[J it -2nuSxnt] +deltaPSSin[Jxt +2nuSsnt])
in[196]:= Fact or [%]

1 . .

Out[196]= 1 deltaPS (Sin[Jxt -2nuSxt] -Sin[Jxt +2nuSt])

The correlations also evolve with time:

inpo7:= al | Cor Psi [psi Ti ne[psi Pi 2Sx [psi AA], t 1]
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<IxSx> =0 <IXxSy> =0 <IxSz> =0

<lySx> = 0 <lySy> = 0 <lySz> = 0

<Isz>:7%Sin[(J72nuS)7rt} <l zSy> = %Oos[(J—ZnuS)nt] <lzSz> = 0
infro8):= al | Cor Psi [psi Ti ne[psi Pi 2Sx [psi AB], t 1]

<IxSx> = 0 <IxSy> = 0 <IxSz> = 0

<lySx> = 0 <lySy> = 0 <lySz> = 0

<l zSx> = %Sin[(J72nuS)nt] <IzSy>:—%Cos[(J—2nuS)7rt] <lzSz> = 0
inproo;:= al | Cor Psi [psi Ti ne[psi Pi 2Sx [psi BA], t 1]

<IxSx> =0 <IxSy> = 0 <IxSz> =0

<lySx> = 0 <lySy> = 0 <lySz> = 0

<Isz>:—%Sin[(J+2nuS)7rtJ <|Z$/>:—%COS[(J+2HUS)7TI] <1zSz> = 0
in[200:= al | Cor Psi [psi Ti me[psi Pi 2Sx[psi BB], t 1]

<IxSx> = 0 <IxSy> = 0 <IxSz> = 0

<lySx> = 0 <lySy> =0 <lySz> = 0

<l zSx> = %Sin[(.]+2nu$)7rt] <l zSy> = %Oos[(.]+2nu8)7rt1 <lzSz> = 0

Weighted average of 1zSy :

1 1
ino1:= faa ZCos[(J—ZnuS)ﬂ]] + fab [—ZQ)S[(J—ZHUS)nt]] +

1 1
f ba —ZOOS[(J+2nuS) ﬂt]] + fbb [ZCOS[(J +2nuS)7rt]]

1 1
out[201]= _E (1 +deltaPl -deltaPS) Cos[(J-2nuS) nt] + 16 (1 +deltaPl +deltaPS) Cos[(J-2nuS) nt] +

1 1
E (1 -deltaPl -deltaPS) Cos[(J+2nuS) nt] - E (1-deltaPl +deltaPS) Cos[(J+2nuS) it ]
in[202]:= Si mplify[%]
1
out[202]= Z deltaPSSin[{Jxt]Sin[2nuSsnt]
in[203):= Tri gReduce[%]

out[203]= (deltaPSCos[J nt -2nuSnt] -deltaPSCos[J it +2nuSnt])

| -

In[204]:= Fact or [%]
out[204]= g deltaPS (Cos[J nt -2nuSnt] -Cos[J st +2NnuSnt])

Weighted average of 1zSx:
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1 1
infzos]:= faa [-ZSin[(J—ZnuS) 7rt]] + fab [ZSin[(J—ZnuS) nt]] +
1 1
f ba [—ZSin[(J+2nuS) nt]) + fbb [ZSin[(J +2nuS)7rt]]

1 1
Out[205]= 16 (1 +deltaPl -deltaPS) Sin[(J-2nuS) nt] - E (1 +deltaPl +deltaPS) Sin[(J-2nuS) nt] +
1 1
6 (1-deltaPl -deltaPS) Sin[(J+2nuS) nt] - 6 (1-deltaPl +deltaPS) Sin[(J+2nuS) rt ]
inf206]:= Si mplify[%]
1
out[206]= —g deltaPS(Sin[(J-2nuS) nt] +Sin[(J+2nuS) nt])
setting nuS to zero for Sy
1
In[207]:= Zdel taPS (Cos[(J-2nuS) nt] +Cos[(J+2nuS) nt]) /. nuS » 0
1
out[207)= 5 del taPSCos[J it ]
setting nuS to zero for 1zSx:
1 . .
In[208]:= —gdeltaPS (Sin[(J-2nuS) nt]+Sin[(J+2nuS) 7t]) /. nuS-» 0
1
out[208]= — n deltaPSSin[Jnt]
Setting nuS to zero for Sx

1

inpog)= -—deltaPS(Sin[Jxt -2nuSxt] -Sin[Jxt +2nuSxt]) /. nuS » 0
4

out[209)= 0

Setting nuS to zero for 1zSy

1
In[210]:= ngItaPS (Cos[Jnt -2nuSnt] -Cos[Jnt +2nuSxt]) /. nuS-» 0

out210]= 0

Density matrix for a population of single spins
nz11= Renmove[" NMR t woSpi nLi b* " ]
<< NVR oneSpi nLi b°
The general form of the density matrix is:
in213:= rhoGen

ca Conjugate[ca] caConjugate[ch]

ouf213= | Conj ugate[ca] cb Conjugate[ch]
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The three operator matrices:

In214):= 1 X
1
out[214] ° 2 }
u =
1
> 0
in1s)= 1y
0 -3
out215= | |
7 0
in[216]:= | Z
1
out[216] 2 0
u =
1
0 -3

m General expressions for calculating the average magnetization components:
For Ix:
in2171:= Tr [1 X. rhoGen]

1 1
out[217]= E cb Conj ugate[ca] + E ca Conj ugate[ch]

For ly:

in218]:= Tr [1y. rhoGen]
1 . 1 .
out[218]= _E i cb Conj ugate[ca] + 5 i ca Conj ugat e[cb]

For |z:
inf219:= Tr [l z. rhoGen]

1 1
out[219]= E ca Conj ugate[ca] - E cb Conj ugat e[ch]

The oneSpinLib package includes a function to calculate all of the magnetization components from the density matrix:

in2201:= al | MagRho[rhoGen]

Ay

<Ix> = E (cb Conj ugat e[ca] +ca Conj ugate[ch])

1
<ly> = S i (cb Conjugate[ca] - caConjugate[cb])

1
<lz> = 5 (ca Conj ugat e[ca] - cb Conj ugate[ch])

The equilibrium density matrix:
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in[221]:= r hoEq

del taP
[ 2 O

Outf221}= del taP

2

The equilibrium magnetization components:

in[222):= al | MagRho[r hoEq]

<Ix> =0
<ly> =0
del taP
<lz> =
2

m The rotation matrices:

For rotation about the x-axis
In[223:= Rx[a]

cos[3] isin[Z]
M lisinle] cos[2]

in2241:= Rinvx[a]

a

Cos[;} ISin[;]

| oslEEsnlgE s[5 sin[3)’
out[224]= isin(] os 2]

Cos[2]%:sin[2]®  cos[2]*sin[2]?

inf225]:= Si nmplify[%]

o foslz] casinfg]
1] =
T asingg] os(d]

inf226]:= RX[Pi /2]

i

Out[226]=

el
55

5

In[227]:=

in22g= Rinvx[Pi /2]

1 i
NS NES
out[228]= : 1
vz vz

For rotation about the y-axis:



n[229:= Ry [a]
out[229]= {g} S n[g}
Sin[3] Cos[3]
in[230]:= Ri nvy[a]
@3] snl
Cos[ ] +S|n[;] [ ] +s|n[2]
out[230]= sin[2] cos 2]

Cos[2]%+sin[2]®  cos[2]*sin[2)’

]]

in[231:= Si nmplify[%]
Cos[%] -Sin

[
| Cos[3

[NTESRENTE
ERRIFEYRIP

out[231]= )
[ Sin|

m The effect of a pi/2 x-pulse applied to the equilibrium population

in[232]:= RX[Pi /2].rhoEq. Ri nvx[Pi /2]

2

0 _ ideltap
Out[232]=

i del taP
— 0

in[233):= al | MagRho [%]

<Ix> =0
| del taP
<ly> =

2
<lz> =20

m Orthogonality of the operator matrices:

n[234= Ix. 1y

7 0
out[234]= )

0
In[235]:= Tr [%]
out[235]= 0
inf236= I x. 1z

0 -
out[236]= | 4

A 0
Inf237):= Tr [%]

out[237)= 0

MathematicaSupplement_cmr.nb
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in[23gl= ly.lz

0
out[238]=

4

O »=
—_

In[239]:= Tr [%]

out[239]= 0

m Self-products of the operator matrices

in240)= I X. I'X

INTE
o
—_

out[240]= 1
4
In[241):= Tr [%]
1
out[241]= —
2
naz21= ly. ly
1
R J
out[242]= N
4
In243):= Tr [%]
1
Out[243]= —
2
inza4p= lz. 1z
1
7 0
out[244]= [ N J
0 3z
In[245]:= Tr [%]
1
out[245]1= —
ut[245] 2

= Time evolution of the density matrix

The change in the density matrix during a time period in a constant magnetic field is calculated using the Hamiltonian
matrix and its inverse:

In[246]:= H[t, nu]

(EiHUNt 0

e

Out[246]=

—-inust J
in2471:= Hinv[t, nu]

et nust 0

e

Out[247]=

inusnt ]
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For the general form of the density matrix:
inf248]:= H[t, nul.rhoGen. H nv[t, nu]

ca Conj ugate[ca] cae?inurt Conjugatefch)

Out[248]= .
izl cb e2inurt Conjugate[ca] cb Conjugateich]

Applying a pi/2-x pulse to the equilibrium matrix, followed by a time evolution period:

inf249]:= RX[Pi /2].rhoEq. Ri nvx[Pi /2]

0 _ideltaP
Out[249]=

2
idel taP
— 0

in[2s0):= H[t, nul.%. Hi nv[t, nu]

0 —éz‘tdeltaPaa”"“”t
Out[250]=

% ideltaPe?2iM7t
Converting this to trigonometric form:
in251):= ExpToTri g[%]

0 —%JideltaPOos[Znuzrt]+%de|taPSin[2nuzrt}
Out[251]=

%jdeltaPOos[ZnUth} +%de|taPSin[2nurrt] 0

This is equivalent to deltaP(Cos[2 nu x t] ly + Sin[2 nu x t]Ix)

inzs2= deltaP (Cos[2nunt]ly+Sin[2nust]|Xx)

0 deItaP(—%jOos[anrt}+%Sin[2nuzrt])
Out[252]=

deItaP(%jOos[Znuzrt} +%Sin[2nuzrtj) 0

Density matrix for a population of coupled spins
in[253:= Rempve[" NVR oneSpi nLi b™ %" ]
The general form of the density matrix is:

General form of the density matrix

In[255]:= T hoGen

caa Conj ugat e[caa] caaConjugate[cab] caaConjugate[cba] caa Conjugate[chb]
cab Conj ugat e[caa] cab Conjugate[cab] cab Conjugate[cba] cab Conjugate[chb]
utlzosl cba Conj ugat e[caa] cbha Conjugate[cab] cbaConjugate[cba] cbha Conjugate[chb]
cbb Conj ugat e[caa] cbb Conjugate[cab] cbb Conjugate[cba] cbb Conjugate[cbb]

Equilibrium density matrix
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in[256):= r hoEq
del ZaPi . del ;aPs 0 0 0
0 del ZaPi B del ZaPS 0 0
Out[256]= 0 _ del t aPi N del t aPs 0
4 4
0 0 0 7del iaPi B del zaPs
Compare with (deltaPi/2) |1z + (deltaPs/2) Sz
nes7= (deltaPi /2) 1z + (deltaPs/2) Sz
del i del
e ;aPl e ;aPs 0 0 0
0 del LaPi B del ;aPs 0 0
Out[257]= 0 _ del t aPi del t aPs 0
4 4
0 0 0 _ w _ de'%"s
m The rotation matrices :
inf2s8= Rl x[a]
Cos[3] O isin[3] O
0 Cos[3] O isin[%]
M isinle) o cs[2] 0
0 isin[3] © Cos | 7]
in[259:= RI xInv[a]
Cos [ 5] 0 -isSin[3] 0
0 Cos [ 7] 0 -iSin[7]
T isin2) o Cos[2] 0
0 -isSin[3] 0 Cos [ 5]
in[260:= RSx [a]
Cos[3] isin[3] O 0
isin[3] Cos[3] O 0
g 0 cos[2]  isin[2]
0 0 isin[%] Cos[3]
in[261]:= RSxI nv[a]
Cos [ 5] -isSin[3] 0
-iSin[%] Cos[3] 0 0
oot 0 cos[2]  -isin[?]
0 0 7jSin[%} Cos[%}

The effects of rotations on the density matrix are calculated in the same fashion as for the 1-spin case. For a pi/2



pulse to the S-spin applied to the equilibrium state:

in62):= RIX[Pi /2].rhoEq. R xI nv[Pi /2];

in263:= Si mpl i fy[%]

del t aPs i del taPi
4 0 a0
del t aPs idel taPi
|0 a0 I
QU s deltapi g deltaPs g
Z 4
idel taPi del taps
0 — 0 T
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There are functions in the twoSpinLib package to calculate all of the magnetization components and correlations from

the density matrix:

del t aPs idel t aPi
== 0 ==
0 _deILaPs 0
inz641:= al | Matho[ ) !
idel taPi 0 del t aPs
4 4
0 idel4taPi 0
<Ix> =0 <Sx> =0
del t aPi
<ly> = —— <Sy> =0
2
del t aPs
<lz> =10 <Sz> = —
2
del t aPs idel taPi
—— O R —
0 _del;aPs 0
In265]= al | OorRho[ ) _
idel taPi 0 del t aPs
4 4
0 idel4taPi 0
<IxSx> =0 <IxSy> =0 <IxSz> =0
<lySx> = 0 <lySy> = 0 <lySz> = 0
<lzSx> = 0 <lzSy> = 0 <lzSz> =0

There are also functions to calculate the effects of pulses, for instance:

in266]:= rhoPi 21 X [r hoEq];

in267:= Si mpl i fy[%]

del t aPs i del t aPi
4 0 T 0
del t aPs i del t aPi
BE -—5— 0 ST
OUETE | sdertapt deltaps
2 4
0 ideltari g - deltabs

4 4

0

i del t aPi

4
0

_ del taPs
4

0

i del t aPi

4
0

del t aPs
4
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m Time evolution

The Hamiltonian matrix and its inverse are expressed in terms of the Larmor frequencies, nul and nuS, and the
coupling constant, J:

in[268:= H[t, nul, nuS, J]

AN
ot (—Emul +nuS) it 0 0 0
0 ejl (;—mul —nuS) it 0 0
Out[268]= 0
0 0 tel (5—nul +nuS> it 0
0 0 0 eﬁ (7'217nul -nuS| it
inzeol= Hinv[t, nul, nuS, J]
L3
e—JL (—Eﬂ’lul +nUS> it 0 0 0
0 e—%n‘ (Je2nul-2nus) 1t 0
Out[269]= L
0 0 e—gl (J-2nul +2 nuS) st 0
1,
0 0 0 er i (J+2 (nul +nuS)) st

Time evolution of the density matrix, written in its general form, is:
in27o]:= H[t, nul, nuS, J].rhoGen. H nv[t, nul, nuS, JI;

in271:= Simpli fy[%]

caa Conj ugat e [caa] caa e ! 9-2nuS rt Conj ugat e [cab] caa e ! 9-2nuh) 7t Conj ugat e [cba
cab et 9-20US) 7t Conj ugat e [caa] cab Conj ugat e[cab] cab g2t (I -nuS) 7t conj ugat e [che
Out[271]= . .
VR Cpa et 0-2nut) at Conj ugat e[caa] cha e 21t (l-nuS) =t conj ugat e[cab] cba Conj ugat e[cba]

cbb 21 (nul+nuS) =t Conj ugat e[caa] cbb et U+2nU) 7t Conj ugat e [cab] cbb et +2nUS) 7t Conj ugat e [cba
A function for calculating the time evolution of the density matrix:
in2721:= rhoTi me[rhoCen, t];

inf2731:= Si nmplify[%]

caa Conj ugat e[caa] caae ! 9-2nuS 7t conj ugate[cab] caae ' 9-2M) 1t Conj ugat e [cba
cab e J-2nS) 7t Conj ugat e [caa) cab Conj ugat e[cab] cab 2t (I -nuS) 7t Conj ugat e [che
Out[273]= . .
] cha et G-2nul) it Conj ugat e [caa] cbha e21 (I -nuS) 7t Copj ugat e[cab] cba Conj ugat e [cba]

cbhb e 21 (nul+nuS) 7t Conj ugat e[caa] cbb et J+2M) 1t Conj ugat e [cab] cbb et (9+2nuS) 1t Conj ugat e [cba
A simple experiment: a pulse to both | and S, followed by time evolution:
in2741:= rhol = rhoPi 2x[r hoEq];

inf275):= Si mpl i fy[%]

i del t aPs idel taPi
0 - 4 - 4 0
idel taPs idel taPi
1delta’s o 0 -—
QUEEE ) seriam 0 - Loeltabs
4 4
0 i del t aPi idel taPs 0

4 4
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inf27e):= al | MagRho[rhol]

<Ix> =20 <Sx> = 0

| del t aPi Sy del t aPs

<ly> = ——— < > = —
2 2

<lz> =0 <Sz> =0

inf2771:= al | Cor Rho[rhol]

<IxSx> = 0 <IxSy> = 0 <IxSz> = 0
<lySx> = 0 <lySy> = 0 <lySz> = 0
<lzS> =0 <lzSy> =0 <1zSz> =0

in278l:= rho2 = rhoTi me[rhol, t7];

inf2791:= Si nmplify[%]

0 -fideltaPs e J2nuSint L deltaPi et 22nu)rt

rideltaPse! 92nuSnt g 0 ~LideltaPi ef 92mi)n
Out[279]= % ideltaPi et 3-2nul)nt g 0 7% i del t aPs et (3+2nuS)

0 % ideltaPi e (J+2nul)rt % ideltaPs e i (J:2nus) at g

inf2s0):= al | MagRho[rho2]
1 , ) 1 i
<l x> = EdeI taPi Cos[Jnt] Sin[2nul rt] <SX> = Edel taPs Cos[Jnt] Sin[2nuSrt ]

1
<ly> = 4—de|taPi (Cos[(J-2nul) rt] +Cos[(J+2nul) wt])

1
<Sy> = ZdeltaPs (Cos[(J-2nuS) nt] +Cos[(J+2nuS) it ])
<lz> =0 <Sz> =0

In[281]:=

m Representation of the density matrix as a linear combination of operator matrices

The density matrix can be represented as a linear combination of the matrices for the 6 magnetization operators and
the 9 product operators, plus the identity matrix. When this is done, the contribution of each term to the observable
magnetization components can easily be calculated from the coefficients of the matrices.

For instance, consider a density matrix that is composed simply of Ix. If we calculate the average magnetization
components and correlations for a state represented by this density matrix:

inf2s2):= al | MagRho [l x1

<Ix> =1 <Sx> = 0
<ly> =0 <Sy> =0
<lz> =0 <Sz> =0

inf2s3):= al | Cor Rho[l x1
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<IxSx> =0 <IXxSy> =0 <IxSz> =0
<lySx> = 0 <lySy> = 0 <lySz> = 0
<lzS> =0 <lzSy> =0 <lzS> =0

The only non-zero average is <Ix> = 1. Thus, the average is simply the coefficient of the matrix. This is not a valid
result for a real state, though, which simply means that Ix is not a density matrix for a real state.

Consider a density matrix composed of IxSy:

infzs41:= al | MagRho [l xSy]

<Ix> =0 <SXx> = 0
<ly> =0 <Sy> =0
<lz> =0 <Sz> =0

inf2ss):= al | Cor Rho [l xSy]

1
<IxSx> =0 <I xSy> = Zr <IxSz> = 0
<lySx> = 0 <lySy> =0 <lySz> = 0
<lzSx> = 0 <lzSy> = 0 <lzSz> = 0

In this case, the average value of IxSy is 1/4 of the coefficient.

If we write a linear combination of Ix and IXSy

inf2se):= al | MagRho [l x + 1 xSy]

<Ix> =1 <SXx> =0
<ly> =0 <Sy> =0
<lz> =0 <Sz> =0

in287:= al | Cor Rho [l x + 1 xSy]

1
<IxSx> =0 <I xSy> = Zr <IxSz> = 0
<lySx> = 0 <lySy> =0 <lySz> = 0
<lzSx> = 0 <lzSy> = 0 <lzSz> = 0

The average values are simply added together. In general, the average value for an observable magnetization
component is equal to the corresponding coefficient in the operator representation, and the average value for a
correlation is equal to 1/4 of the corresponding coefficient.

The twoSpinLib package includes a special function that returns the non-zero components of the operator representa-
tion for any density matrix:

in[28g]:= opBasi sRep[l x]
11 x

in[280]:= opBasi sRep[l x + | xSy]
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1l x
11 xSy
in[200]:= opBasi sRep[rhoEq]

del t aPi
2

del t aPs

- Sz
2

m Rules for operator basis calculations

The functions for calculating the effects of pulses and evolution periods on the density matrix can be applied to any of
the operator matrices do establish the rules for their transformations.

For instance for a pulse along the x'-axis:
in2o1:= rhoPul sel x[I x, a];
in[292]:= Si mplify[%]

0

o O

0
0
out[292])=
0

o O Nk

1
2
0
0
0

| =

:
0 2

This is just the starting matrix Ix, as expected. To confirm this, use the opBasisRep function

in[293]:= opBasi sRep[rhoPul sel x[I x, all

11 x

For the same pulse applied to ly:

in[204]:= opBasi sRep[rhoPul sel x[ly, a]ll

Cos [a]ly

-Sin[a]lz

For the analogous pulse to the S-spin:

in[295]:= opBasi sRep[rhoPul seSx[Sy, all

Cos [a] Sy

-Sin[a]Sz

Chemical-shift evolution

in296]:= opBasi sRep[rhoTine[lx, t]1 /. {J>0}]

Cos [2nul nt]lx

-Sin2nul wt]ly

in[297]:= opBasi sRep[rhoTime[Sx, t] /. {J->0}]
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Cos[2nuSt ]SX

-Sin[2nuSst ]Sy

For a product operator:

in[298= opBasi sRep[rhoTinme[lySx, t] /. {J-»0}]

1

5 (Sin[2 (nul -nuS) nt] +Sin[2 (nul +nuS) 7t ])IlxSx
-Sin{2nul wrt]Sin[2nuSst ]l xSy

(Cos[2 (nul -nuS) wt] +Cos[2 (nul +nuS) nt])lySx

(Sin[2 (nul -nuS) 7nt] -Sin[2 (nul +nuS) nt])lySy

Nk, N| P

Evolution under the influence of scalar coupling only

in200]:= opBasi sRep[rhoTine[lx, t] /. {nul » 0, nuS- 0}]
Cos[J it ]Ix

2Sin[Jdnt]lySz

in[300]:= opBasi sRep[rhoTine[I xSz, t]1 /. {nul » 0, nuS- 0}]

1S' [Jrt]l
—SinJn

> y
Cos[J t ]l xSz

in[301]:= opBasi sRep[rhoTine[lzSx, t]1 /. {nul » 0, nuS- 0}]

1

—Sin[Jt ]Sy

2

Cos[J it ]lzSx

Transverse correlations do not change during scalar coupling evolution

in[302]:= opBasi sRep[rhoTi ne[I xSy, t]1 /. {nul » 0, nuS- 0}]

11 xSy



